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Hartley (1928). (Transmission of Information)

Shannon (1948). (Information Theory)
Information content (1) in bits of a symbol («;)
with a probability (p;) Is given by the expression:
li=1log (1/p;)=-log (pi) bits
The measure of the average information per

symbol of N symbols source (s;) is called the
entropy (H) of the source Is given by the

following expression:
N-1
H=2 (p;1,) bits per symbol
iI=0
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Examples of Data Source Entropies

Sample Type Sample Entropy Comments

English Text 4.03 bits per symbol  Shannon (1951)
Portuguese Text 3.92 bits per symbol  Manfrino (1969)
C++ Code 5.29 bits per symbol  Measured

Executable Code  5.80 bits per symbol ~ Measured

Source Is called memoryless if
it"+1 event is independent of the it event.
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When the average codeword length L, ,q(e;) of source of
(N) symbols equal to the source entropy the code Is said to be

optimal code:

averege() = 2101 L ()] b5 ;1) = H

Prefix code consists of comma less unique codewords,
I.e. no codeword may be a prefix of any other codeword

Note: R decreases to a great extent with slight changes
of probability set p; from that of the assumed values.

To ensure robustness against probability set p; variation,
codewords length are bounded to a given value say (L), where
{ < (N -1), N-1 is the longest possible length of codewords.
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Entropy of a binary source with two symbol ¢ and @

Note: 19
when: pa_= 0 and g .

Po — 1 o =
the entropy is minimum 258

I_Imin — 0 *E’ / \

w 0.6

when: p_=p, = 1/N=1/2 / \
the entropy is maximum 0.4

I_Imax = |092(N) 0.2 / \
where N is the number of . ./ \

symbols in the source 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Po= 1- Pq
Note:
Source with N equiprobable symbols is called a random source, and its
entropy is equal to its symbol codeword length of [log,(N)]. Random

source is coded optimally with equal length binary codewords.
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Practical implementation of Huffman code

Consider a message of N symbols, «,, a,, a, and a;, N=4, symbols
probabilities are: p(a,) = 1/2, p(ay) = 1/4, p(e,) = 1/8, p(as;) = 1/8.

Probabilities 1/2 1/4 1/8 1/8
Symbols «, a a, a,
Coding 1 0
a,—001, a;—01,
The longest possible 1
length of codeword is: 0
(N-1) =3 © Root node

Compression Ratio R = 10g,(N) / Lyyeage(@) =2.0 /1.75 = 1.1428
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Source With Memory

» Real information sources exhibit local
dependence between message symbols.

» Conditional Probability Is given by:

Pii = Pi. Py
Ly = Li— 1y
Hi; = Hi— Ry,

Hyst order = Hond order >. . . Hith order > Hith+1 order > ...
for very large value of I; Hiih order === Q
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Source With Memory

Pair ( ai, a;) Py lj (bits)  1;; (bits)
(e,) 0.0341 2.77 1.77
(,t) 0.0264 3.76 2.48
(t,h) 0.0239 4.55 1.63
(h,e) 0.0223 3.11 1.94
s,) 0.0197 2.77 1.57

Hyst order = Hond order >. . . Hith order > Hith+1 order > ...
for very large value of I; Hiih order === Q
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Sample entropy per symbol
Sample 1% order Joint  Conditional

type H; Hi, Hii
Arabic 4.21 3.99 3.77
English 4.03 3.67 3.32
TV Signal 4.39 3.15 1.91
Average 4.21 3.61 3.00

Hyst order = Hond order >. . . Hith order > Hith+1 order > ...

for very large value of I; Hiih order === Q
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Environment: I, C
Input: Action & I'={y, 1oy .--» N} Output: Response S
A={ay, @y} | P.=(P1 P2 -ees PN) B=1{0,1}

t X ={1: X255 Xn} I

_ Discrete time interval: n
Action: « is random variable of a stationary environment @ over a
language with alphabet set A. The prior probabilities distribution and the

statistical parameters of alphabet 4 are not known explicitly.
Output: For every action ¢, the environment, provides an output response:

B ={0, 1}, the response is therefore, either favorable (0) or unfavorable,

“penalty response”, (1) .
Environment: yis a random variable of a set of alphabet I where I" = A .
However, the state probability vector of set 7", P = ( Py, Pys «++5 Pny) 1S

determined by a reward-penalty function of (£). Xis the penalty probability

set: X ={x1 2o -5 Xn}: Where y; is the probability that action a;, will

result in unfavourable “penalty” response ( £ = 1) from the environment.
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Environment: I, C
Input: Action « I'={y, ¥5 -» N} Output: Response S
A={a, @y} | P.=(P1 P2 ey PN) B=1{0,1}

t X={x 2 - In) I
Discrete time interval: n
Action: At every discrete interval n, (n =1, 2, ..., L), where L is the size of

the input string, the action input to the environment a single character a (n).
Environment: The environment select randomly a single character »(n).

If character ¥ (n) # a (n) then, it respond with “penalty response” f = 1.
The n-th interval penalty probability y; is mathematically define by the

expression: y; = Prob {#(n)=1|a(n) = a&}. Znin= Min {x}
Transition: The probability of each character in set I”is updated by a pre-
defined updating scheme. The scheme should ensure expediency and
asymptotic convergence of the environment probability vector P to that of
the real probability distribution of the actions.

A variety of linear, nonlinear and hybrid schemes exists for stochastic

learning automata [Narendra 1989].
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Environment: I, C

Input: Action & I'={y, 155 .--» N} Output: Response S
A={ay, @y, | P.= (D1 P2 -ees PN) B=1{0,1}

t X ={X1: X255 XIn}

Discrete time interval: n 4—'
Average Penalty: Average penalty for a given action « (n) is the
quantity M (n) defined by the expression: M (n) = gl;(i p; (N).

Pure-Chance Automation: When p,(0) = p,(0) =, ...,= py(0) = 1/N,

M (n) is a constant denoted by M, =% gl;(i . This condition is known as
1=

pure-chance automation.

Expediency: A learning automaton is expedient if lim E [M(n)] < M,, and

N—o0

said to be absolutely expedient if: E [M(n + 1)] < E [M(n)].
Optimality: A learning automaton is said to be optimal if:

lim E [M(n)] = c,,;, and said to be e-optimal if: lim E [M(n)] = ¢, *+ €.

N—00 . . ) o N—o0
Where e is arbitrarily small positive number.
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Environment: I, C
Input: Action & I'={y, 155 .--» N} Output: Response S
A={ay, @y ad | P.=(P1 P2y -ess Py B=1{0,1}

t X:{Zlilzw o NS

Discrete time interval: n 4—'
Mean Square Errors: If action «; is equiprobable random variable, then;
at interval n, the mean square error € (n) is given by the expression:

1 2 N 1
g (n) = _z:(p(n)—_) —WZp(n) - = Zpn)+ —
N N2 N
Variable Quantity 1 N 2
= =2 p(n) -4
N

The MSE variable (Q(n)) = Z P (n) then Q(n) has a maximum value of 1
when one action has a probablllty of 1 and all other (N-1) actions have
probability 0, and a minimum value when all N actions are equiprobable. An
equivalent condition to the state vector p(n)} converging to (1/N, 1/N,..., 1/N)

IS that the sum Q(n) converges to 1/N, its minimum value.
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Environment: I, C
Input: Action « I'={y, ¥5 -» N} Output: Response S
A={a, @y} | P.=(P1 P2 ey PN) B=1{0,1}

t X={xi 2 20N}
Discrete time interval: n 4—'

Let p,.., denote the maximum of the component of the state probabilities P:

Q(n) = iz::l( pi?)
Q(n) <= §1( pmax . pi )

<= pmax '(p1+p2+"°+pN) <= pmax 1 <= pmax

Q(n) < Max (pl) < pmax

g(pig) < pmax : 2:zlpiz) < pmax Q(n)
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Environment: I, C
Input: Action « F ={¥: Yor e+ W} Output: Response S
A={ay, @y ad | P.=(P1 P2 oens Py B=1{0,1}

t X={xi 2o 20N}
Discrete time interval: n 4—'

Mean Square Errors:

1 domo 1y _ 1N 2 g
& (n) N 2 (pi(n) N ) = 2P - e
When ¢ (n) = 0; Z(p() %

Expediency: A learning automaton is said to be absolutely expedient if:

E[Q(n+1)] <E[Q(n)]
Optimality: A learning automaton is said to be optimal if:

lim E [Q(n)] = 1/ N and said to be e-optimal if: lim E [Q(n)] = 1/N +e.
N—ao0 N—o0

Where e is arbitrarily small positive number.
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Environment: I, C
Input: Action & I'={y, 1oy .--» N} Output: Response S
A={ay, @y} | P.=(P1 P2 -ees PN) B=1{0,1}

t X ={11 Jos oo NS
Discrete time interval: n 4—'

The Entropy: At interval n, The entropy H(n) is given by the expression:

N
H(n) = i§:1[pi(n) log,(1/p;)] = Average codeword length of the alphabet I
= Laverage (N) Of the alphabet I".

If action ¢, Is equiprobable random variable, then; all the characters of
alphabet A have equal codeword length of log,(N).

H(n) has a minimum value of 0 when one action has a probability of 1 and
all other (N-1) actions have probability 0, and a maximum value when all N
actions are equiprobable. An equivalent condition to the state vector P(n)
converging to (1/N, 1/N,..., 1/N) is that the sum H(n) converges to log,(N),

Its maximum value.
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Environment: I, C
Input: Action & I'={y, 1oy .--» N} Output: Response S
A={a, @y} 5;_({5[1, p}z{ pyt)} B={0, 1}
- 17 29 ccey N
I— Discrete time interval: n 4—'

The Entropy:

N
H(n) = iEll[pi(n) 109,(1/p3)] = Lyyeraqe (N) OF the alphabet .

Optimum H(n) is equal to the average codeword of a = log, (N)
I.e. The average codeword length of « is equal to that of ¥

Expediency: A learning automaton is said to be absolutely expedient if:
E[H(n+1)] > E[H(n)].

Optimality: A learning automaton is said to be optimal if:

lim E [H(n)] = log,(N) and said to be e-optimal if: r!l_)m E [H(n)] = log,(N) +e.
N—00 00

Where e is arbitrarily small positive number.
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Rate of Convergence: The rate of convergence (p) is a measure of the

speed of learning, it may be defined as the half power point interval:

/ pZ(O)

Since Q(n) = p,,_(n);

p*(o) = % | [p%(0) - p(N)] | asn > 0 —
p(p) =0.707 |[p(0)—p(n)] | asn > __

Q (p)=0.707 | [Q(0)-Q(N)] | asn > —

Rate of convergence p=22
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Environment: I, C
Input: Action & T ={7, ¥ +-+s W} Output: Response S
A={ay, @y, | P.= (D1 P2 -ees PN) B=1{0, 1}

X ={x1: Xos -+os NS
I— Discrete time interval: n 4—'
Consider a simple linear scheme, where « is binary random variable,
atintervaln, a(n) = o, ={ 0, 1}.

p;(n+1) = pi(n) + a-[1- p;(n)]; Where O<a<1
when =0 {pj(n+1) 1 - P(n+1) i

p;(n+1) = p;(n) - b - Pi(n); Where 0<b<1
when /=1 {pj(n+1) - p(n+1) j#i

If the learning parameters a and b are equal, the scheme
IS called the linear reward-penalty L, , Scheme.
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Environment: I, C
Input: Action « I'={y, ¥5 -» N} Output: Response S
A={a, @y} | P.=(P1 P2 ey PN) B=1{0,1}

t X={xi 2 20N}
Discrete time interval: n 4—'

Qn) =pF+pf+{...}

when £=0; Q(n+1) = (pi+ta.p) + (1-a)2.pf2+{...}
Q(n) - Q(n+1) = p# + p? - (pi ta.p)* - (1-a)>.py
=p+p® - pit-2apip -atp® - pPt2ap?-atpy
= -2ap;p; -a%py’ +2apy-a’py’
= -2.ap;p; - 2a’p? +2apy
= -2app t2apy’
For expediency, E[Q(n) - Q(n+1)] > 0; then:

E(2ap?) > E(2app;)
E(p;) > E(p;); This is true when p; > p;

Asn — o, Q(N) < p, . < 1/N=Y>
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Environment: I, C

Input: Action & I'={y, 1oy .--» N} Output: Response S
A={a, @y, i} | P.=(P1 P2 -ees PN) B=1{0,1}

t X ={11 Jos oo NS
Discrete time interval: n 4—'

Q) =pF+pf+{...}

when 8=1; Q(n+1) = (1-b)*. py? +  (ptb.p)+{..}
Q(n) - Q(n+1)=p#+p? -  (1-b)*.py - (p+b.p)?
=pPp? -p® +2bp? -bp® - p?-2Dbpip; - by
= +2bpg - bpy -2 bp;p; - b°py?
= +2bp? - 2b%p;° -2bp;p,
= +2 b p;? -2bp;p;
For expediency, E[Q(n) - Q(n+1)] > 0; then:

E2bpi?) > E@bpip)
E(p;) > E(p;); This is true when p; > p;

Asn— o, Q(N) < p, ., < 1/N=Y>
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Practical simulation of the simple binary stochastic learning
automaton proposed in previous slides.

Initial Conditions: The initial environment probability p,(0) is
set to one of ten values in the range of [0.001< p,(0) < 1] and
P,(0) is made to be equal to [1 — p,(0)].

Results: The behaviour of the algorithm is determined by

plotting the average values of p,(n), M(n), Q(n) and H(n)
over hundred (100) trials, for every one of the predetermined

ten different set of initial probability distributions.
Where M(n), Q(n) and H(n) are given by the expressions:

N N
M) =E ¢;p(n): Q) =Z pAn): H(n) =Z p,(n) log,[1/p,(m)]

Abdullah Hashim-slide No. 23



Average oX (n) for 256 intervals over 100 trials

Results of Practical Simulation N =2 Prob(po)
a=0.02
1.2
—1
1 as N — oo; py(n)— (/N =0.5) 0.8
g 08 1- (0.707 X 0.5) = 0.6465 82
o 0.6—(0.707 X 0.1) = 0.5293 '
S o — 0.2
Q0.6 -
E - T T | —0.1
= = —
5: 04 - = —0.05
T~ T\ 0.707 X 0.5=0.3535 —0.01
_ ] | S
02 ~ Rate of convergence p=57 0.005
| 0.001
O | | | | | | | | | | | | | | | | | | | | | | | |
0 50 100 150 200 250

Intervals (n)
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Average M(n) for 256 intervals over 100 trials

Results of Practical Simulation N =2 Prob(p,)
1 a=0.02

0.8 as N — oo; M(n)— (1/N = 0.5) — 08
| 0.6

0.4
AN R VYA S A e AVEG T of 13 et o e — 02
R Py (A MERY R M By | —o0 1
—0.05
—0.01
0.005
0.001

Average M(n)

100 150 200 250
Intervals (n)
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Average Mpy(n) for 256 intervals over 100 trials
Results of Practical Simulation N =2 Prob(p,)

1 a=0.02
0.9 — 1
0'8 as N — oo; My(n)—> 1o —0.8
_ 0'7 a value just less than 0.5 0.6
- 0.
— 0.4
2 06 i
3 08 'M’w NS o i M I S |
5 04 -
> —0.05
< 03 -
—0.01
0.2 -
0.005
0.1 -
0.001
O 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250

Intervals (n)
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Average X,, (n) for 256 intervals over 100 trials

Results of Practical Simulation N=2 00
1 .
—1
0.9
0.8 08
~ 07 \ as N — o; M,,,(n)—> 0.4 06
~ 0.4
>€§ 0.6 €=0.1
—0.2
<05
S 04 L 1y AN TR oy |
- " 4 ”
S i AL/ A .nﬂ : ‘ VORI At "‘VN‘ —0.05
€ 03 K bt v“’”* ’_Vi“WN W‘W_ ﬂ 0.01
M a aid NV O —0.
02 AT b
0.1 0.005
O I I I I I I I I I I I I I I I I 1 ] T T T 0-001

0 50 100 150 200 250
Intervals (n)
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Average Q(n) for 256 intervals over 100 trials

: : : Prob(p,
Results of Practical Simulation N =2 arfo_(é’z)
1.2 1
1 — 0.8
g \ dS N —» oo 0.6
= g(n)—»0
S 0.8 N\— Q(n) = (/N = 0.5) (n) 0.4
CD O 6—: —_— 0.2
g ' i \\ ) — 01
o 0.4 i 1—(0.707 X 0.5) = 0.6465 0.05
> i —0.01
0.2 | Rate of convergence p= 40 0.005
O 1 il 1 1 1T 1 T 1T T 71T T 1T 1T 1T 7T T 7T 7 1TTTT°1 0.001
0 50 100 150 200 250
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-log, [Average Q(n)] over 100 trials

Results of Practical Simulation N =2 Prob(p,)

1.2 a=0.02
. —1
= 1 | —— — — 0.8
— 0.6
g 0.8 - 7 —1as N — ©; l0g,{QM}—>1 | .
S 06 - ¢7§/ —0.2
o | —0.1
I 04 - / i\ 0707 £(n)-0 —0.05
N , | —0.01
> 0.2 /———- Rate of convergence p=40 —— | o0
N I 0.001
O | | | l | | | | | | | | | | | | | | | | | | | | |
0 50 100 150 200 250

Interval (n)
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Average H(n) for 256 intervals over 100 trials

Results of Practical Simulation N =2 Prob(po)

12 a=0.02
| —1
1 - - || —038
0.6
c 08 as N —> oo Hn)—>1 0.4
I —
o 0.6 A4 — 02
© | a —0.1
<G>; 04 - i B e O —0.05
: —0.01
02 f—+ Rate of convergence p= 25 0.005
J“ : 0.001
O ] ] ] | ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ] ]
0 50 100 150 200 250

Intervals (n)
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Action (w): w is random variable of a stationary environment @ over a
language with alphabet set (A); A={a,, @, ..., &}, N Is the number of
characters in the alphabet. The it" action (@) is a string, (word), in the source
dictionary (A); A= {@, @, ..., @z}, @ is the file size of the dictionary (|A|);
I.e. the number of words in A. The dictionary must contains at least all the
characters in alphabet A; (Min (JA|]) = N). The prior probabilities distribution
and the statistical parameters of the words in A are not known explicitly.
The input source file (F) contains a sequence of symbols, (characters) of the
alphabet A. At interval n, an input string of source symbols is matched with the
longest string in the dictionary (@ (n)). @ (n) is known as the nt" action.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Spr ++es S5} Output:
A={a, o, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n

Environment (S, D): Set S is a set of |S| mutually exclusive sub sets,

S1, Sy, -+ Sig- EACh sub set contains a number of unique words (w;) of a dictionary
(D), (where, s; Is a subset of D, and s; = {w;;, Wy,, ..., |Si|}. P(S) is the set state

- Si :
probability vector, P(S) = (p(sy), P(S,), ---, P(Ss) ) | P(S)) :jéil p(w;). P(D) is the
dictionary state probability vector P(D) = ( p(wy), p(W,), ..., p(Wg) ).

The dictionary D = A, however, the state probability vector of D is updated by a
pre-defined updating scheme. Since the action @ = w; | @(n) = @ and w(n) = w;,

@ € A and w; € D, the environment has no reward-penalty response.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n

Output (s, S, S,): For every action (e (n)), the environment respond with three
duple output ((s,, S; and s,e S). The firstis a set (s € S), called (the split set):
The split set is that set contains the word, which, matches the action @ (n).

Ifw,=w(n)| ®(n)=a, and w, € s(n) | s(n) =s..

The two, other sets (s; & sy e S), called (the merger sets), are selected randomly,
from the |S| subsets of S, such that:

J<k,and j=k=#s.
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Input: Action (w) (" Environment:
A={w, @, ..., &y} S = {51, Sp +++s Si5} Output:
A={a, a,, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,C, e, C) \ P(S) and P(D)

Discrete time interval: n
Transition (P(S), P(D)): The state, set probability vectors (P(S)) and the

state dictionary probability vector (P(D)) are updated by a pre-defined
updating scheme. The scheme should ensure expediency and asymptotic

convergence of:

1) the set state probability vector P(S) to (1/|S|, 1/|S|, ..., 1/|S|). I. e. the set
probability [im P(s;)) =1/|S|, fori=1,2, ..., |S].
N—o0

2) the dictionary state probability vector P(D) to the real probability vector
of the source dictionary A.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Action Norms (H, Q,): The norms used as a datum reference for the
automaton learning capability is called the Action-Norms, or (a-Norms) of the

probability vectors P(w). H , Is the action entropy and the MSE variable (Q ),
IS the sum of, the square of, the word probabilities, for all words in A.

M) =2 [ S p (@) @yes)] Iogz[im(w..)mes.)]

=1 j=1

Si

|
QM) :i:il > [(p (@) |0, 5)]°
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Input: Action () (" Environment:
A={w, @, ..., D4} S = {51, Spr ++es S5} Output:
A={a, o, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Set Norms (Hg, Qc): The norms used to test the expediency and
optimality of the set state probability vectors P(S) are called the Set-Norms,
or (S-Norms). Hq Is the set real entropy, Qs Is the set real MSE Variable,
while the state set entroy equal to log,(|S|) and the state set MSE variabl
equal to (1/1S]).

Sil

| Sil
Hs(n) :_j%: I{J (- p(@y) | @; € S)) [ FBL(s)] - |092|§ (p(@) | @; € ) [ FBL(s;)]

=1 =1

@ |sil 2
Qs(n) =2 [X(p (@) | @ € 5) / FBL(S)]
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Input: Action () (" Environment:
A={w, @, ..., &y} S = {51, Sp +++s Si5} Output:
A={a, a,, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,C, e, C) \ P(S) and P(D)

Discrete time interval: n

Word Norms (H,,, Q\y): The norms used to test the expediency and
optimality of the set_state_probability vectors P(w) are called Word-Norms, or
(W-Norms). H,, Is the state word entropy and the state word MSE variable
(Q) is the sum of, the square of, word probabilities, for all words in D.

H,(n) = ifi( -Pinset(Wip)W;;€5) FBL(S)/IS[] . log, [E(p.nset(wu)lw €S;)
FBL(S)/SI] -

i

S
Qu(n) =2 [ Pyeeliy) |5 < 5) . FBLGS) /151
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
The Entropy: Sets have equiprobable state probability, then:

S
Het(N) = él[psi(n) 10g,(1/p;)] = Lyyerage = Average set codeword length.
Optimum Hg,(n) is equal to the average codeword of s; = log, (|S])

Expediency: The algorithm is said to be absolutely expedient if:

_ _ E [ HSet(n + 1) ] > E [ HSet(n) ]
Optimality: The algorithm is said to be optimal if:

lim E [Hg(n)] = log,(|S|) and said to be e-optimal if: 'AE E [He(n)] = log,(|S]) + e.
N—»co 0

Where e is arbitrarily small positive number.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, a,, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Sets MSE vector: Sets have equiprobable state probability, then:

=L (o -1 '= = Epym’- 2 Zpm+-L
o (1) =g E 04N ) = 17 ZPa( o PO

1
| IsT
Expediency: The algorithm is said to be absolutely expedient if:

_ _ E[Qsq(n+1)] < E[Qgy(n) .
Optimality: The algorithm is said to be optimal if:

When € (n) = 0; Z(F’s.( )= —

nIim E [Qs.(N)] = 1/1|S| and said to be e-optimal if: lim E [Qg(n)] = 1/|S| + e.
—00 N—o0

Where e is arbitrarily small positive number.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n

The Entropy: Assume all words in the source dictionary A are equiprobable,

then; all source words have equal codeword length of log,(|&)).
At interval n, The entropy H,4(n) is given by the expression:

Average codeword length of

|D|
H,ora(N) = El[p[wi(n)] 10gALPIWMI}= 11 words in the dictionary D.

- Laverage{Wi(n)}-
H,..(n) has a minimum value of 0 when one word has a probability of 1
and all other (|@-1) words have probability 0, and a maximum value of
log,(|d),when all words of D, are equiprobable.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Word MSE vector' Assume the action is equiprobable random variable, then:

2
__Z = } ==
= (M) = L2 {olw(n)] - @l S S

ICPI

When € (n) = 0; Z {p[w (n)]} | dli|
Expediency: The algorithm is sald to be absolutely expedient if:

E [ Qword(n +1 ) ] <E [ Qword(n) ]
Optimality: The algorithm is said to be optimal if:

Inim E [Q,org(N)] = 1/ S| and said to be e-optimal if: lim E [Q,,4(N)] = 1/|@ + e.
—00 N—o0

Where e is arbitrarily small positive number.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
The Strateqy:

Atevery interval n, (n =1, 2, ..., |F|), the element of set s, (n) is merged with
element of set s;(n):

5;(n+1) =s;(n) Us,(n)and
pls; (n+1)] = pls;(n)] + pls(n)].

The element of the split set s,(n) is divided into two sets (s,;) and (S.,)

such that:
p(ss1) =a.p(sy) and p(sy,) = (1-2a). 0<a<l
p(ss).
S, (n+1) =5, and s, (N+1) = s,.
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Qs(n) ={..
Qs(n+1) ={..

={..
={..

Qs(n) - Qg(n+1) =

d{ Qs(n) -

Discrete time interval: n
J P tPs° g% Splitpg into apg and (1-a) pg.

J ratp + 0 (L-a)PPy + (P * Py )

3 ratpt  +pt-2apltatpg® topgt +2pg Pyt Py’
F PP TPy 287t —2ap,’ +2pg Py

—2 a2 p532 +2a pssz -2 ij psk

Qs(n+1)}/d(a) =-4ap2+2 py?
= 0; when a = %,

d*{ Qg(n) - Qs(n+1) }/d (a)? = —4 p, 2% Maximum value, when a = %.

Optimum value of splitting, when a = 4.
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
H. Norm: We have established that: I5 (p.) < Hs, and

nlﬂ)noo\/(ZIB) /18] < Qg(N) £ P, < 27| S [; Let |S| = 256, then:

Maximum value of H:
lim p,... <(2/3) /256 = 0.816/256, I = -log,(0.816/256) = 8.29,
o0

n— : :
Maximum: lim Hg < 8.29
N—o0

Minimum value of Hg: n“—r)noo P < 21 256, I = -log,(2/256) = 7,
Minimum: lim Hg > 7.
N—o0

Iim7 < Hqs(n) < 8.2;e—>0

N —> oo
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Qs(n) ={...}+p 2+ psj2 + g, % split set s into two half and merge s; with s,:

Qs(n+1) ={...} + +1/4.p2+1/4 P2+ (g + Dy )
Qs(n+1) ={...} + + 12.p2  + pg® +2pg Py * Py
Qs(n) - Qs(N+1) = py? + Py + Py, 2 - 1/2 .pg2 - P -2 Pg Py - P2
= 1/2 .pSSZ -2 ij Psk
For expediency, E [Qs(n) - Q¢(n+1)] > 0;
then: E(1/2.p2%) > E (2 pg; Py
E(4.p2) > E{[1/(2-s]. [1/(1-[s])]}
E(p?) > E (47]5P)

AS N = ®, Qg(N) < Ppax—> 2/| S|
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s S5} Output:
A={a, o, ..., o} D = {wy, Wy, .oy W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
For simplicity, assume, s, s; and s, are singleton sets. Let p;, p, and p; equal to p(w,),

p(w,) and p(w;) respectively, where w; e s;, w, € s;and w; € s,. In the process of
splitting, p, will doubled, while, p, and p; will be halved in the merging process.

Qs(n) ={..}+ p?2 + P + P
Qs(n+1)={...}+ (2.p)? + (L2.p,+ 1/2 .py)?
={..}+ 4p? +1Ap,2+2/4p,p;+ 1/4ps?

Qs(n+1)- Qs(n)=  + 3p® - 3/4 ps*-2/4p,p, - 3/4pg
For expediency, E [Qs(n+1)) - Q4(n] > 0;
then: E(3ps?) >E@B/M4p,2)+E (2/4p,p;)+E (3/4ps?)
E@Bp,*)  >EA{[3/4(1-[S))°] + [2/4(1-[S])7] + [3/4(1-[S])°]}
E(p,?) > E(2/3[S|)

Asn —> 0,2/ S| <Qsn) <p,. < V(2/3) /]S
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s S5} Output:
A={a, o, ..., o} D = {wy, Wy, .oy W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
H,, Norm: We have established that: 15 (p,,) < Hp, and

nlg)noo«/(l/z) /|@|< Ppa i Let |@| = 256, then:

Maximum value of H,,;:
lim p,.., <V(1/2) / 256 = 0.707/256, I = -log,(0.707/256) = 8.5,
N—o0

Maximum: lim H,, < 8.5
N—o0

Minimum value of Hw:ni”clo Prax < 2/ 256, I = -log,(2/256) = 7,

Minimum: lim Hg > 7.
N—o0

Iim7 < Hy(n) < 85;e >0

N —> oo
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s S5} Output:
A={a, o, ..., o} D = {wy, Wy, .oy W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
For simplicity, assume, s, s; and s, are singleton sets. Let p;, p, and p; equal to p(w,),

p(w,) and p(w;) respectively, where w; e s;, w, € s;and w; € s,. In the process of
splitting, p, will doubled, while, p, and p; will be halved in the merging process.
Qw(m) ={..}+ p® + p* + p&f
Qw(n+1) ={...} + (2.p)? + (U2 . Py)*+ (12 . py)?
={..}+4p? + 1Udp,2 + 1/4py?
Qw(n+1) - Qyu(n) = +3p® -3/4 pg# - 3/4py
For expediency, E [Q,(n+1)) - Qp(n] > 0;
then: E(3p,?) >E (3/4p,?) + E (3/4 ps3?)
EBp?) >E{[3/40-|d)] +[3/4(1-|A)’]}
E () > E(12]|Df])

As N = o0, Qu(N) £ Py = V(1/ 2) / | D]
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Input: Action (w) (" Environment:
A={w, @, ..., &y} S = {51, Sp +++s Si5} Output:
A={a, a,, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,C, e, C) \ P(S) and P(D)

Discrete time interval: n
Assumptions: In the asymptotic case we assume that: |s;| >> |F|, (i =1, ..., |S|).

Throughout the process, the value of |s;| remain greater than unity.
Initial Conditions: The initial p[s,(0)] is fixed to one of ten values in the range

of {0.001< p[s,(0)] £1} and all other set’s probabilities is made to be equal to:
{1-pIs(0)]}/ (1 - [S)).
Results: Since we assumed that, |s;| >> |F|, then: D-Norms is not applicable.
The behaviour of the algorithm is evaluated by S-Norms only, by plotting the
average values of p(s;(n), Qs(n) and Hg(n) over hundred (100) trials, for every
one of the ten predetermined different set of initial probabilities. Where:
S| S|

Qs(n) =3 plsMIZ  Hs() = Z pls,(m)] log,(L/pls, ()]
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Sets S1 S, S3 S

— —~
Interval
s —
Interval
— O~
Interval | o epeer, p,/2 p,/2 p,/2
n=2
£>—<
Inr:e:rvsal P,/2+P;+P, P2/2+p1/2 P2/4 P2/4

For large values of n, set probabilities will converge to 2/|S].
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- IogZ[Average Set One p(n)] for 256 intervals over 100 trials

Results of Practical Simulation for: First Set Prob, |S| = 256

_ 12

a2 10 1 As N — oo: 10g,(Prra) = 7

)

S 8 E

o -

o 0 '

3 B |

E) 4 - : 7 X 0.707 = 4.949

< |

2 —-// — Rate of convergence p= 50 ——

O |

_'0IIIIiIIIIIIIIIIIIIIIIIIII
0 50 100 150 200 250

Interval (n)
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- Iog2 [Average Qs(n)]

O FPDMNWPASOIO)N OO O

-log, [Average Qg(n)] for 256 intervals over 100 trials
Results of Practical Simulation for: Qg(n), [S]| = 256

i //(i J—— ]
__7[ aS N — oo; a
— ' l0g,(Qg)—> 7 L
- N e—1/256 L

0

PAY o [UT U

50 100 150 200
Interval (n)

p [s1(0)]

—1
—0.8
0.6
0.4
—0.2
— 0.1
—0.05
—0.01
0.005
0.001

250




Average H(n) for 256 intervals over 100 trials
Results of Practical Simulation for: Hg(n), |S| = 256

9 p[s,(0)]
8 1= —_—— - —1
S — 0.8
_ 6 + /"I‘: / u 0.6
T 5—_:——/7:/ as n — oo: L 8‘2‘
2 [/ i\ 85>Hs>7 |
S 3{/ -\ e<1/256 ||,
2 / i \7.4X0.707=5.2318 —0.01
1 ‘/ __ Rate of convergence p=50 — | 0005
0 | 0.001
| | | | | F | | | | | | | | | | | | | | | | | | | |
0 50 100 150 200 250

Intervals (n)
Abdullah Hashim-slide No. 53



- Iog2 [Average Set One p (n)] for 256 intervals over 100 trials
Results of Practical Simulation for: First Set Prob, |S| =512

12 p [S;(0)]
< as N — o: 10g,(Pray) = 8 —1
o 10 + 0.8
2 0.6
. 04
v —02
o O |
3 | —01
s 4 : 8 X 0.707 = 5.656 — 005
: v oo
“~ 2 — Rate of convergence p= 63 — |
3 | 0.005
_' 0 | | | | | | : | | | | | | | | | | | | | | | | | | | 0001

0 50 100 150 200 250
Interval (n)
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-log , [Average Q4n)] for 256 intervals over 100 trials
Results of Practical Simulation for: Qg(n), |S| =512

10 p [s,(0)]
— 9 - — 1
g 8§ +——— / e '| —0.8
o 7 i —— 0.6
Q ) / : i 0.4
o 7 2 as N — oo: o
5 412" I\ log,(Qs) >8 ||| —o1
Z 3L AN e>1/512 | —ou
;N 2 : 8 X 0.707 = 5.656 — 001
° 1 - Rate of convergence p= 63 —— | 0005
| O I I I B B |! 1 1 1 T T T T T T T T T T T T T T 1 0.001

0 50 100 150 200 250

Interval (n)
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Average Hs(n) for 256 intervals over 100 trials
Results of Practical Simulation for: Hg(n), |S| =512

N p [s,(0)]
T —1
. = . B = _82
T 04
S i as N — oo: —0.2
% , / :\ 9.5> HS> 8 —0d
e, {/ \ e < 1/512 o
2 / i \ 8 X 0.707 = 5.656 0:005
. _ Rate of convergence p= 63 0.001
O | | | | | | I! | | | | | | | | | | | | | | | | | | |

0 50 100 150 200 250

Intervals (n)
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Spr ++es S5} Output:
A={a, o, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Satellite Sets ({}): In the asymptotic case, it was assumed that, the size of the sub
sets |s;] >> |F|, (1=1, ...,|S|), therefore, the process of splitting can continued
with no limitation. However, practically |s;| have a finite size, usually < |F|. The
splitting process therefore is halted when |s;| = 1. To overcome this problem, the
concept of satellite set is introduced. A satellite is a data-empty set, carries no
Information, (a null set denoted by {}) corresponding to an empty word, (a null
word denoted by A), in the dictionary D. A set with one word (|s;| = 1) known as
a singleton set. A singleton set with satellites called parent singleton of a group
of satellite. The number of satellites in the group called block length of s; and
denoted by SBL(s;) is equal to (2'-1), (where r is a positive integer).
{SBL(s;) + 1} is called the family block length of s, and denoted by {FBL(S;)},

where: 1<FBL(s) < (|| /2); FBL(s)=2",r=0, 1, 2,..., log,(|S| /2).
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Input: Action (w) (" Environment:
A={w, @, ..., &y} S = {51, Sp +++s Si5} Output:
A={a, a,, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,C, e, C) \ P(S) and P(D)

Discrete time interval: n
Matching, Merging and Splitting:

1. Matching: At interval n, match the nt action @,(n) of the input string
with the longest word in the dictionary, denoted as w¢(n). w,(n) € s, (n).
2. Merging: two sets are randomly selected (say, s;ands,, J #K #5).

Satellite sets take the identity of its parent singleton (Family Leader).
The merger is preformed as follows:
. Both s; and s, are non-empty sets and with no satellites: replace
s; by the union set (s; U sy).
. S; Is a singleton with satellite/s: remove FBL(s;)/2 satellites
from its block, s, remain unchanged.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
i s, Is alone an empty-set or a singleton with satellite/s: remove
FBL(S,)/2 satellites from its block, s; remain unchanged.

4 Splitting s

. Set size |s| > 1: split s, into two sets along its highest word link.
(See diagr_am)

I Set s, is singleton with family block length FBL(S,): add
FBL_(SS) satellite set . If FBL(s,) Is greater than the available free
set number, (free set number at the n' interval is equal to the
maximum number of sets minus the actual number of sets after
the last merging step), then splitting procedure at this interval
will be ignored.

Abdullah Hashim-slide No. 59



Non Empty Sets Merger: Merging two non-empty sets s; and s, into one

set s, IS a process of constructing the union of the two sets and updating the
probabilities and codewords of all words within the set.

s; codewords s, codewords

WorcHs: ik word 3: 11
word 10 word 11: 10
word 10: 01
s, codewords word 12: 0011
word 10: 1 word 8: 001 word 14: 0010
word 12: 011 word 15: 000 word 8: 0001
word 14: 010 word 15: 0000 #{}
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Multi Word Sets Splitting: Splitting a multi word set s, into two sets s, and set

Ss,, along the highest splitting plane in the set, therefore most significant digit of s is
removed, and the word probabilities been doubled.

S;; codewords

word 3: 1
. word 11: 0
S, Splitting s, Se1 Se»
PR & 0006
into set s, \ o
& set s,
S;, codewords
word 10: 1
SS codewords word 12: 011

- 1
word 3: 11 word12: 0011 ‘ord14:010

word 8: 001
word 11: 10 word 14: 0010 word 15 000
word 10: 01 word 8: 0001 £{}
word 15: 0000

Splitting plane
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Spr ++es S5} Output:
A={a, o, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
The probability vector of the source dictionary A is:

(p(a), p(a), ..., p(@y)).
The state probability vector of the environment dictionary D, is:

(P(Wy), P(Wy), «.., P(Wg))
The real probability of the set s; is given by: p,..(S:) :Jiﬁl p(@;) / FBL(s)).
The state probability of the set s; is given by: p(s;) :g p(W;;).
Set state probabilities p(s;) are equiprobable, equal to (1 / [S]).
Since empty sets have zero frequency of accordance, their state probabilities, is

therefore, added to their parent singleton.
Non empty set state probability is therefore: p(s;) = FBL(S;) /[S].
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
The in-set probability vector P, ... : is the state probabilities of words within a

set s;:

1N-Set

|n -set ( Pin- set(W|1) Pin- set(le) g pin-set(Wi|si|)) | Pin- set(s) i Pin- set(Wu) 1.
At the n™ interval the words in-set probabilities p;, . (W;) are computed as follows:
1- Single word set: Pin-et (W1) = 1.
2- Two words set: pin-set(Wl) = pin-set(WZ) = 2.
3- More than two words in a set, their probabilities depend on the history of the set
merger as shown in the diagram.
The state probability of a word p(w;) € s; Is known as the out-set state probability
vector given by the expression:

P (W) = { Pin-sec(W;;) - FBL(s}) /[S] | W, € s; }.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n

Initial State: When n = 0, the environment have the following initial conditions:

1) The dictionaries contains single character words only, @ = N.

2) Each sub-set of S contains a single word of the dictionary A | @ € s.. |S| = @.

3) Peai(@) 1s determined by the type of the input source.

4) Set family FBL(s;) =1, wherei=1,2, ...,|S], p(s;) = 1/ ®.

5) Since all words within the dictionaries at n = 0, all equiprobable, then:
Qs(0)=1/N

Hs(0) = log, (N)
Qw(0) and H,,(0): are determined by the source statistical parameters.
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S S S

X y Z
@ Pinset (vIvs) =1. @) Pinset (We) = 1. Do (Wyg) = 1.
Si } Sy ) SZ— =1 pin-set
pin-set (Wll) - pin—set (W14) =Y. < > - halved —
— 1\ /0 -
S; co%elviozds s =s,Us
or : ~
xord 14: 0 6 @@ Pin-set (WS) = Y2, «—
N/JO0 Pin-set (Wll) =Y. <
In-set < » 1\ /0 Pin-set (W14) = 74. <
Codewords
word 3: 1
word 11: 01 S, codewords #{}
word 14: 00
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Set Coding:
Let D contains the following words:
W7, Wy, We, Wy, Wyg, W3, Wyg, Wy, Wig, Wy, Wo, Wyg, Wyp, Weg,Wg, Wys>
partitioned Into 8 sets: ('S;, Sg, Sgy S4» S3, Sps S5 Sg ); Where:
={wr} se={wy }={} ss={wg } = {}; 54 = {w,} = {}; s3= {wy3 };

= {Ws, Wys}; 8= {Wy, Wyg, Ws, Wo}; and. o= {Wyg, Wiy, Wiy, Wg, Wag -

Average Wordlength
= 2 P(Si)-LWset(Si)
= 1.625 bits

Set
codewords

M
O & 6 00 0000 ORVE®G )
Weet 67) Sg Ss S4 WsetéB) Wset(SZ) Wset(sl) Wset(SO)
1 011 010 001 000
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The word
codeword

Wword = Wset(si)'l'winset(vi)
String addition

Average Wordlength

= 2 p(W;). LWyorg(W;) P /1 0

= 0.5+0.375+0.5+ ”

0.625+0.25+0.375 .

= 2.625 bits PRETAY ./ \o

== ~1/\o  1/\o 1/\o 1/\o 1/\o

OO HE ® 00 08GO ORWEGW

word 7: word 4: 11 word 11: 1 _
word 13: word 16: 10  word 12: 011 word 15: 000
word 3:0101 word 5:00101 word 14: 000010 B {

word 11: 0 word 9: 00 word 8: 001
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Input: Action (w) (" Environment:
A={w, @, ..., &y} S = {51, Spr ++es S5} Output:
A={a, a,, ..., o} D = {w, W,, ..., Wz} (Ss Sj & Se S)
F=(c;,C, e, C) \ P(S) and P(D)

Discrete time interval: n
Constants: In the finite case we assume:

1) The word size in the dictionaries is one. I. e. @= N = 256.
2) The algorithm tested for two sizes of sets: |S| = 256 and |S| = 512.
3) Two maximum number of intervals are used, |F| = 256 and 512.

Initial Conditions: The initial p[s,(0)] is set to one of ten values in the range of

{0.001< p[s,(0)] <1} and all other set’s probabilities is made to be equal to:
{1-pls(0)I}/ (1 -[S]).

Results: The behaviour of the algorithm is determined by plotting the average

values of p(s,(n), Qs(n), Hg(n), Qp(n) and Hy(n) over hundred (100) trials, for

every one of the ten predetermined different set of initial probabilities.
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Sets

Interval
n=~0

Interval
n=1

Interval
n=2

Interval
n=3

S S, Sy ,— — S,
W, W, Wi W,
| W | W W, W | U |
' ’ v Sat of s,
- —t
W1 W2 Sat of s,
l .

For large values of n, set probabilities will converge to 1/|S]

Abdullah Hashim-slide No. 69



Average Prob (n) for 256 intervals over 100 trials

Results of Practical Simulation for: Hg(n), |S| = 256 Pt
0.6
—_1
05 —0.8
—_ W 0.6
£ o4 0.4
'5_ // —0.2
a 03 o
S 02 . —0.05
g —0.01
< 01 ”V_D"" 0.005
- 0.001
0 — —— — : :
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[Average Qs (n)]

- log

O - N W =~ 01 OO N 00 O

2

- logz [Average Qs (n)] for 256 intervals over 100 trials

\

Results of Practical Simulation for: Qg(n), |S| = 256 Puw1
—_1
| — —_— _ —0.8
/mwf T T N A e W 0.6
,..~+J 0.4
7£ dS N — oo; L | —02
/ /’JF}\\ l0g,(Qs) > 7 || —o
| | 7X0.707=4.049 e = 1/256 | —005
10 | —0.01
I
J# : Rate of convergence p = 32 0.005
| 0.001

100 150
Interval (n)

200 250
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Average Hs (n)

Average Hs (n)for 256 intervals over 100 trials

Results of Practical Simulation for: Hg(n), |S| = 256

9 Pw1
8 +— ; _ 1
ﬁ%ﬁ
[ — — T 08
o1 /—l/ e 0.6
l 0.4
::7,__-’\ as N — oo: — 0>
4{ L\ 85>H.>7 [|—ou
3 | —| —0.05
2 I \ 7.4 X 0.707 = 5.2318 € < 1/256 | —0.01
1 — Rate of convergence p= 32 0.005
O U i | 1 r 1 1T T T 1 1 r 1 T T T 1 T T 0001
0 50 100 150 200 250

Intervals (n)




- Iog2 [Average Qs (n)]

- log, [Average Qs (n)] for 256 intervals over 100 trials

Results of Practical Simulation for: Qg(n), |S| =512 Dur
w
9
8 1 AT W e N AL A AT TN A A —1
. /”W—— S ———— | — 0.8
0.6
6 - 0.4
S as N — oo; | o)
|
g Jik 10g,(Qs) > 8 T _835
T[T 7 X 0.707 = 4.949 — | — V.
i e — 1/512 o
I
1 J{ I Rate of convergence p= 8 0.005
: 0.001
I
I

100 150

Interval (n)
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Average Hs (n) for 256 intervals over 100 trials

Results of Practical Simulation for: Hg(n), |S| =512 Puw1
10
—_1
g - AT i L il | e mp- - R e T - - % —~
- [N SRS A e = o | ——(8
r~ ?’ — 0.6
£ 7-
) f 0.4
I 6
2 5 as N — oo: 2
© —0.1
S 95>H>8 —
<< 3 '
o\ e <1/512 —0.01
2 - | 7.4 X0.707 =5.2318 0.005
1 i Rate of convergence p= 3 0.001
O EI I I I I I I I I I I I I I I I I I I I I I :

0 50 100 150 200 250
Intervals (n)
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n = 0; Source probabilities are set in the given ten values.
At n = 256 the source become completely random.

Results of Practical Simulation for: Q,(n), |S| = 256, over 100 trials
9

: pwl
c gi— —
- | = ‘ = —|—os8
@ : / 0.6
% LR F as n—>o:  |||—oa
E) 4 \\ | 8.5>100,(Qp)>7 L _gi
I e > 1/256 |0
I_cl\l 2 \"M 0.01
@)
o 0.005
I . 0.001

0 50 100 150 200 250 300 350 400 450 500
Intervals (n)
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n = 0; Source probabilities are set in the given ten values.
At n = 256 the source become completely random.

Results of Practical Simulation for: Hy,(n), |S| = 256, over 100 trials
9

Prob(p,)
81— -
N e e —— -
= 7 \%\ 7 _;8
\é 6 \\“ ( 0.6
== 5 aS NN — oo; i 0.4
S —0.2
S 8.5>logy(Hp)>7 1 *
o e<1/256  f|—ou
<L 2 —0.01
1 0.005
0 [ sSSSSRSYRSRSNSYSGSTSRYSYSRSYSYSNSYSYSNSYSYSNYSYSYSYSYSESSESESTSSEEES 0001

0 S0 100 150 200 250 300 350 400 450 500
Intervals (n)
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Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: Q,(n), |S| = 256, over 100 trials

log,(Q,) of the input source file = 3.71 «—

8 — ((8-3.5) X 0.707) = 4.8

lohn oo —~N o
|

MRAIE BN Al RN A N adh AN .0 2 e AalEN § __JRIER AMAEM

ll' lylui Al, ud qu b uriﬂ'lllﬂl'k1| ”' l l—l” ‘. -ul | ‘ I L'IT

| | |
Rate of convergence p= 500 ——

-log, [Average Q,,(n)]

O PN B

0 5(|)0 1000 1500 2000 2500 3000 3500 4000
Intervals (n)
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Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: Hy(n), |S| = 256, over 100 trials

H_of the input source file = 4.286 «———

a

N |
c 7 !
\é : 8—((8-4.9) X0.707)) =5.87
6 T=——x
— | . N Y N I PN
G) 5 I ‘Imli ]1L ;‘.,u'ljurr.'?h‘. ll' I'.'n.l IA"FJM"J L A 4
(@) |
S | | I B
O 3 i
s~ |
< 2 ‘
. __ Rate of convergence p= 530
0IIIIIIEIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
0 500 1000 1500 2000 2500 3000 3500 4000

Intervals (n)
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Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: |S| = 256, over 100 trials
14

S&M “Finite Case” Compression Ratio = 1.424
12 +— Optimum = 1.867
|

iiii ii Hi HE 5 E |
‘ul syt brasyi e wolbaan e

10

Codeword Length

O rrrrrrrrrrrrrrrrtrrrrnr T rrrrrrrrrrTrrorrTrrrorroroTrord

0 500 1000 1500 2000 2500 3000 3500 4000
Intervals (n)
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Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: |S| =512, over 100 trials

LAverage = 5'578

14
— S&M “Finite Case” Compression Ratio = 1.434
-15) 12
S 10
= wd L J i\i WL i
<l ; I t T ; I ﬁ ;| W M

LA A 3;11 i AU AN

g % ;!!!!!!FE!!!!E!!!!!!:!!!!!ﬂ!!!!! I ?!!!!!!!!!:!!!!!!!!!!!!!!!!!!5!!!!!!!1!!!!! LR '““’3“ !!!!!!15!:!!!!!!!!!!!!!5?!!!!L!!!!!! [y, !
ks m\mmmw\mmrhMuunwuuﬂ|i1t|mmimmum WNV Ythuu m||um||MMMmm||mnnﬂlmlﬂnnnuuunMNHWrmn
o W i\ i | " 3 L i
U y) | i } | ’ | 31 A ‘ | 13 | ‘

O o o e e e e B O B s o o o e e e e SRR SR

0 500 1000 1500 2000 2500 3000 3500 4000
Intervals (n)
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Practical Input Source
4096 character string from Obama Inaugural Speech

Results of Practical Simulation for: |S| = 1024, over 100 trials

14
S&M “Finite Case” Compression Ratio = 1.419
= 12
= \ \
T 1 T
= i L m: 10 AT
S e e H eIy
= .!!!!!!!!!!!!!!!!!!!!!!!!!!!!!’WN!!!!!::!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!"\‘Mw !:!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!‘i"’"‘“um!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!Ml’m !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!wm ‘M!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!1‘“”‘MN!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!ﬂIw"l}‘|‘“k!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!MHW!!!!!!!!!!!!!!L I
L, LI |\|1||ll)|\IIHWIIMM I L LT -
o 1, il Pi‘ I ‘33' 1 \1‘ \1 A1 P R A L .§
S o - —T -
o \
O rrrrrrrrrrrrrrrrrnTrr1T 1T TP1rT TP TP TP 1T 1P TP 1P TP 1T 117 17T 17T 17T'T 1T 1T 1T 1T 1T 1T 11

0 500 1000 1500 2000 2500 3000 3500 4000
Intervals (n)
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Input: Action (w) (" Environment:
A={w, @, ..., &y} S = {51, Sp +++s Si5} Output:
A={a, a,, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,C, e, C) \ P(S) and P(D)

_ Discrete time interval: n
Assumptions: In the finite case we assume that: |D| = |A| =N. In the dictionary

case the size of the dictionary is allowed to grow. Asymptotically,

I|m 1 H(W) > H(a@) - 0. Lempel and Ziv, 1981.
Practlcally the size of the dictionary is limited to @, at this stage a
word with lowest probability will be pruned to give a space for the
new word to be added to the dictionary.
Dictionary Tree: The dictionary is best described and implemented
through a tree data structure. Tree data structure offers a good
foundation for understanding the behaviour and the practical
Implementation of the dictionary.
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Dictionary tree (DT): Atree (DT) is an abstract data structure used here to
represent the words in D. It consists of a root node with links (branches) to its
children nodes. These nodes in turn have links to their children. A leaf is a node with
no children. The number of links in a path from the root to a node v; is called the
depth (d;) of the node v;. The maximum node depth of tree is called the tree depth
(d). The maximum number of nodes in a dictionary tree is (@ =1). Each node of DT
contains a single character from the alphabet, except that the root contains no data
(i.e. contains the empty word A).

Data-node A node containing a single character of the alphabet.
No-data node A node containing the null character (A).

The root of the DT has a children. Each node v;, except the root node,
corresponds to a word (w;) in D.

The corresponding word of a given node may be constructed by reading the data A
of the root node v, and concatenated to the single character data from the ancestor
nodes along the path in sequence, terminating with the character of the given node.
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S&M algorithm: The Tree Structure

DT links:

If a link has a value equal to -1, the link is a null link,
leading to no node; the node does not exist.

Parent(i)

Parent link is equal to an integer (p)

LA Sibling link s equal to an integer (S)
pointing towards the node v,,,

pointing towards the node v..

I.e. the parent of v; Is the node v, ,
Parent(l) =p

.e. the sibling of v; is the node v,
Sibling(i) = s

Data(i) Sibling(i)

Data link is equal to a character ‘o’ Child link is equal to an integer (c)

It is a single character store pointing towards the node v..

containing the character ‘a’. i.e. the child of v, is the node v,
I.e. the data of node v; is ‘&’ Child(i) = ¢

Child(i)
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Let D =40, 1, 2,..., 253, 254, 255, ab, ae, abc, fc, fr, fce}
D may be represented graphically as follows:

- ASCIl
Key: |datalink Anulldata @ node 0 ! Charzi;ge(r: I(I\/al )
a data ‘a’ Root 253 Character (253)

O——A4

a
26Q
26D
c Q62
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®

node c il
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o
Parent (i) link}@

o

node |

node s

KEY

each node i has 4 links:
1. Parent (i) link

2. Data(i) link

3. Child (i) link

4, Sibling(i) link

ASCII character
0 or
-1if nodatainyv;

node u -1



Let D=4{0,1,2,..., 253, 254, 255, ab, ae, abc, fc, fr, fce}
D may also be represented graphically as follows

C(} space 253
o »@g»ig o
v

-1 -1 -1 -1
Key: | éﬁc“ t i(v "
i Dnode ﬁj %‘ aracter (Val i
- ASCII 233
l data (1) link b @ e Character (253)

a data ‘@’ 60D 6 &D
A null data :r) .Q<'C E )
| child (i) link C‘E} : ® &
@ null link 1 ';
N [>~~e
-1

— sibling (i) link
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
ED: Extended Dictionary: ED is a dictionary containing:

1. All single ASCII characters, A = {«a,, @, ..., ay}.
2. All multiple character words, W = {w,, wW,, ... Wy,}.

3. All command “control” words, C = {d,, &, ..., &}, usually |C|
IS In the range of two to three characters.

4. All the null words, {} = {4, 4,, ..., 4, ..., Ag}.
Therefore: total words in ED is |ED|,,,= N+ M+ C+B
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For example let the extended dictionary be given by the set ED:
{0, 1, 2, ..., 253, 254, 255, 6,, 6,, ab, ae, abc, fc, fr, fce, A, A}

l Data(i) link 9, O, : control characters.
_ | A, A, : null words = -1 (no data).
I ASCII Character [Val ()] Root (=1 A=-1
253 ASCII Character (253) node 0 é
© node0 0 66

a
{ f
(259
260
b e C

26D C Q262 o
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input string <goodfood{}>

So {} g8 oe oy dfk fa os od df} EOF 79
"0 1 2 3 4 5 6 7 8 9 R=——=11
SBL 4 1 1 3 1 1 7 15 3 65
g d f g 0 255
A
(->@0D q03  J04 @12 -1

-1 -1 @\ \ @ -1
6D~Q275—Q76 262 @50 258—259—Q26(
Sets selected {} {} {} {} {} {} {} {}
randomly @ @ @ @ @ @D @D @
Mmerger are. @ @’ @-’ @a @' @9
n=8, R R e R et B e N I S a0 I
5123, @ @& @ @ @& @ O @
5,=201 S —1’=1=00000000
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Input: Action (w) (" Environment:
A={w, @, ..., 04} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
The new word W, Let word e, , be an input string from file F, at interval
n, match @, to the longest word w,, in the dictionary D:

a) W - <a1a2 a aj>

If o, , Is the unmatched character resulting from the matching process, then the
new word (w,,,) is defend as:

Whew™ <a1a2 -4 aj+1

The strategy of the dictionary case is identical to that, of the finite case, however,
a singleton set is splitted by adding a new singleton set containing the new word

(W) If (W) does not exist, then the process will be identical to that, of the

finite case.
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Input: Action (w) (" Environment:
A={w, @, ..., D4} S = {51, Sp +++s Si5} Output:
A={a, o, ..., o} D = {w;, Wy, ...y W} (Ss Sj & Se S)
F=(c;,Cp5 .05 C) \ P(S) and P(D)

Discrete time interval: n
Child Word Probability: A singleton parent node probability will be

halved by adding a new child (word). Similarly, FBL of a singleton with
satellites will be halved and the child word FBL will equal to that of its
parent after the process of splitting.

Word Real Probabilities: Word (node) real probability is equal to the

sum of all the real probabilities of the given node and its decendent; Parent
word and its decendent are in A.

Word State Probabilities: Word (node) state probability is equal to the

sum of all the outset probabilities of the given node and its decendent;
Parent word and its decendent are in D.
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Sets

Interval
nN=0

Interval
n=1

Interval
n=>2

Interval
n=3

— . ———
new
Vi, Vs V3 Vg Vy
Y ——
new new
Vi, Vo, Vy V3 Vs Vg

Vq,Vy

Va3, Vg

new
Vg

For large values of n, set probabilities will converge to  2/|S|
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input string <goodfood{}>
. {3 98 o- oy dk fa ood dff EOF

Root n O 1 2 3 4 5 6 7 8 72
Node (0) wne 00 od fo ood d{} R = 6_4_1125

A
-1
-1 -1 .
—t@% 58 .
Sets selected {} f 0 d
doml ,
ranfoorm y 1 @D " B @D
merger are: %. Q'G%.
n=7, 0 d
$,=35, @ @
82:9 ss={}’=1= 00000000
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results of practical simulation

2/N < p(s;) < 1/N*?
0.0078 < p(s;) < 0.067

Rate of convergence
p=N/2

Prob(Setl)



2Results of Practical Simulation

Prob(Setl)
Prob(Setl)
' tee
e . olld o .
I I | I I
0 i i Rate of convergence
B e | p=N/2
N : : : . ::: : . 2IN< p(s;) < 1/N*? |
0 IR /i bits < log,{p(s;)] 6 4 bits
I I | I I
Voo bdd :
3 db points ¢..—..—.._.. -

Abdullah Hashim-slide No. 96



OD  Ordered Dictionary. The ordered dictionary is a list of
words. The words are ordered according to some parameter
or function; the leftmost word (w,) has the highest rank
while the rightmost word (w,,) has the lowest rank.

OD = < Wy, Wy, eeey Wi ooy Wippegyy Wiy >

ODT Ordered Dictionary Tree. A graphical presentation of
OD. Let ODT =<y, 1, ..., Vi eoes Vi1 Y > where %
Is a node in ODT corresponding to the word w; in the OD.

To represent ODT graphically, two extra links will be needed. The first
IS left node link of node I, the second is right node link of node I. The
links of node 1 leading to named nodes are:

2. Child(i) link; 3. Sibling(i) link;
4. Data(i) link; and
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S&M algorithm: The Tree Structure

ODT links:

With left and right links
If a link has a value equal to -1, the link is a null link.

Parent(i)

Left(i) Right (i)

Data(i) Sibling(i)

Child(i)
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Graphical Representation of ODT
Let OD =<3, 257, 260, 256, 261, 1, 258, 259, ...... >

| Data(i) link Right(i) link Left(i) link

& Left Most Node = Right Most Node = .
2

rrrriTe

r 255 C C

Node 3 has a higher rank than node 257, node 257 has a higher
rank than node 260, 260 has higher rank than 256, ...... etc.
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Graphical Representation of ODT
Let OD =<3, 257, 260, 256, 261, 1, 258, 259, ...... >

| Datai) link Right(i) link Left(i) link
leftmost node = 3 Root Node
with the highest Rightmost node ="
rank with the
lowest rank.
) )
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Set s;: In the proposed S&M algorithm all nodes of EDT except the root
node are partitioned Into sets sy, S, ..., Sig|, for lossless S&M system
(a+y) < |S|and usually |S| = 2", r a positive integer, while for lossy
S&M system |S| =1, 2, ... depending on the given degradation factor.
Each set of nodes s; corresponds to a set of words W, in ED. All node
sets s; are mutually exclusive, (i.e. no node is in two sets). The union of
the |S|sets Is equal to the set of all nodes in the EDT excluding the root
node. A set s; may contains a single data-node, multiple data-nodes or
no-data node. Singletonis a set with a single data-node.

Null set: iIs a sets with no-data nodes may be called data-empty set and
denoted by {}.

Multiple data-nodes set: is a set with multiple data nodes, the set
frequency of occurrence is equal to the sum of all the frequencies of
occurrence of the node in the set.
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Parent singleton set: is a one data-node set (s;), leading a group of
empty-sets called satellites of s;. The number of satellites in the
group called block length of s; and denoted by SBL(s;) Is equal to
(2 -1), (where r is a positive mteger) The satellite block is located
In an ordered sequence to the right of s; in an OEDT. The last
satellite in the block reside in an odd and the parent singleton in an
even position of the OEDT. {SBL(s;) + 1} is called the family
block length of s; and denoted by {FBL(s)} where:
1<FBL(s) < (|S| [2); FBL(s:)=2",r=0,1,2,..., log,(|S|/2).

et nodes 257, 260, 256, and 1 to be no-data nodes of an OEDT, then
nodes 257, 260 and 256 are satellites of node 3, and said to be the
satellite block of node 3, SBL(s;) = 3. Node 1 is satellite of node 261
and are said to be the satellite block of node 261, SBL(s,5,) = 1. Node
3 is said to be of higher rank than node 261.

Q@ Q5D D @
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I is the rank of the non-empty node set s; and its corresponding word
set W; in D, while the rank of null satellite node sets are equal to the
rank of its parent singleton node rank.

The rank of set s; Is directly proportional to its satellite block length
and inversely proportional to its set size. The ranks of sets with
same bock length and size is directly proportional to the maximum
wordlength of W.. It Is a positive integer given by the expression:-
Note: 1_; - Lmax(D) - (|D|max+ SBL(Si) - |Si|) + Lmax(Wi)

1. Since satellites have rank equal to that of its parent singleton,
therefore satellite block sets in ODT are always positioned
Immediately on the right of its parent singleton set.

2. Singleton sets are ordered in decreasing scale of their satellite block
length and increasing scale of their size.

3. Sets of the same satellite block length and size are ordered in
decreasing scale of the largest wordlength in W;; i.e. L., (W,).
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S&M algorithm: The Tree Structure

ODT links:

With rank link
If a link has a value equal -1, the link is a null link

Parent(i)

Left(i) Right (i)

Data(i) Sibling(i)

Child(i)
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Coding: is a process of naming the events of an environment & by a
unigue binary codeword.
To code each node v; of EDT, firstly each set s; of EDT is coded by a
prefix codeword called set codeword denoted by w(s;). Secondly each
node v; ins; is coded by a prefix codeword called node codeword
denoted w,,,4.(v;). Each word w; in the ED is coded by a word
codeword w,,4(W;) which is determined by concatenating the two
strings of the set and node codewords.

Woorg(Wi) = W (S;) + W, 4e(V5), this Is a string sum.

The length of the word codeword is therefore equal to the sum of the
set and node codeword lengths. Code efficiency is determined by the
average codeword length.

Loverage(ED) = (1 / (ngg‘tbL[wword(wi)] and that of a

compressed file Sce, Laverage(Sce) = (17 18sel) 2% LIWyorg(Wy)]
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Set-Coding Tree (SCT): set-coding tree is a graphical presentation of
the EDT node sets. The links of SCT presents prefix codeword of sets.
Each of the SCT node contains a set equal to the union of all the sets of
Its children sets. The root node of SCT is therefore contains all the sets

of EDT. Let SCT = <s-, S, St, S4, S3, Sy, Sqy Sp™
Graphical SAUS: U SAUS,US,US,USUS
presentation — — 3 Pl ——
of SCT. ‘/\
S, US;USUS, S;US,US,US,
N m
S/ Sg S:\US, S;US, S,US,

NN NN
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Empty sets carries no information, nodes and links of empty sets are
therefore redundant and should be removed from the SCT.

S SUS, US; US,

Let sets of figure 15,

So =81 =8, =8, #{} S3U S, US,US,
and /\
Sq =85 = 8 = {}
S;US, S,US,
S7 S3 S S So

S, may be coded by the following variable binary code 1

s, may be coded by the following variable binary code 011
S, may be coded by the following variable binary code 010
s, may be coded by the following variable binary code 001
S, may be coded by the following variable binary code 000
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Set Codina:

Let an OED consist of the following words:

<W7, Wy, We, Wa, Waz, Wa, Wyg, Wy, Wig, Wi, Wo, Wag, Wap, Wag,We, Wi5>

corresponding to the following nodes in OEDT:

<V7’_ Vs Ve Vor Vizs Vas Vin Vas Vigs Ve Var Vios Vios Viar Ve V15>

partltloned INto 8 sets: <S-, S, Sc, Sy, S3, Soy S15 Sp>; Where:
={vihss={tvnt=:ss={wt=1ss={wtr={} ss={vis h;

={v5, it} S1={ Vs Vig» Vs, Vos and. So={ Va0, Vios Via, Var Vis }-

SCT Average Wordlength
Set = 2 P(s;).Lwgy(s,
codewords (i) LWee(S)

= 1.625 bits

N

O Q& 6 00 0000 ORVE®G )
Wset(SY) Sg Ss S4 Wsetés) Wset(SZ) Wset(sl) Wset(so)
1 011 010 001 000
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Identifying sets: Set links (SL) are used to identify a set s; and determine its
codeword {w.(s;)}. SL connects the first node say (m) to the last node say (n) of a
given set or the union of (2") adjacent sets in an OEDT, (where r is a positive
Integer). If node n is on the right of node m it is called a right set-link (RSL). If node
n is on the left of node m the link is said to be a left set-link (LSL). Nodes surrounded
by a link are the nodes of a given set or union of sets. The set-link is said to be of
height (h) and is denoted by SL(h) if it surrounds the nodes of the union of two set-
links of height (h-1) denoted by SL(h -1). The set-link of height zero SL(0) surrounds
all the nodes of a single set s;. The number of set-links of height h is twice the number
of set-links of height h+1. The i-th right set-link denoted by RSL (h); and the
corresponding i-th left set-link denoted LSL(h); surrounds the same nodes. Each of
the set-links is coded by a single binary digit. The zero height set-link has the least
significant digit and the largest height set-link has the most significant digit in a set’s
codeword w(s;). Set-links are of two types. The first (type 1) contains at least one
data node and it is coded by a single binary digit. The second (type 0) is redundant
and contains only no-data, and surround a null nodes.
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Left set-links of height zero LSL(0);: Is a set link connecting the

rightmost to the leftmost node of a single set s;. RSL(0); connect the

leftmost to the rightmost node of s;.

Let an OED consist of the following words:

<W7, Wy, Wg, Wy, Wyg, W3, Wy, Wy, Wyg, Wg, Wo, Wyg, Wyp, Wyg,Wg, Wis>

corresponding to the following nodes in OEDT:

<Vy Vi, Voo Vo, Vizy Vas Vit Vs Vigs Vs Voo Vigs Vios Viay Vs V15~

partitioned INto 8 sets: <S,, S, Sc, Sy, S3, Soy S14 S>3 Where:
={whss={vl={3ss={wi={Ess={vt ={}ss={vs};
={w V11} S1={va Vi Vs Vol and. So={ V1o, V1o, Vias Ve Vis )

then . X 0

@ E E E @ 6@ 6800 bose

%0 N

7D

/\ LSL(0) Type 1 /" \LSL(0) Type 0
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Left set-links of height one {LSL(1);}: is a set-link connecting the
rightmost node of the (2i)-th left-set-link {LSL(0),;} to the leftmost
node of the (2i+1)-th left-set-link {LSL(0);,,}. If LSL(0),;, 1S @ null-
link then LSL(1); surrounds only nodes of LSL(0),; and (in this case)
LSL(0),; becomes redundant. RSL(1); surrounds the same nodes of
LSL(1);. If one of the two SL(0) set-links is of type O, then the SL(0)
type 1 becomes redundant. SL(1) type 1 surrounds at least one SL(0) of
type 1. SL(1) type 0 surrounds only type 0 {SL(0)} set-links.

S, Sg Sg Su

/\LSL(l) Type 1 . \LSL(1) Type© #

® noder & redundant digit
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Left set-links of height two {LSL(2);}: is a set-link connecting the
rightmost node of the (2i)-th left-set-link {LSL(1),;} to the leftmost
node of the (2i+1)-th left-set-link {LSL(1)5;,,}. If LSL(1),;,, IS @ null-
link then LSL(2); surrounds only nodes of LSL(1),; and (in this case)
LSL(1),; becomes redundant. RSL(2), surrounds the same nodes of
LSL(2);. If one of the two SL(1) set-links is of type O, then the SL(1)
type 1 becomes redundant.

2 0
X I
A I
KR
olle
LSL(2) Type 1 LSL(2) Type O #}

® node r & Redundant digit
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Left set-links of height three {LSL(3):}: Is a set-link connecting the
rightmost node of the (2i)-th left-set-link {LSL(2),;} to the leftmost
node of the (2i+1)-th left-set-link {LSL(2),;.,}. If LSL(1),:,, 1S a null-
link then LSL(3); surrounds only the nodes of LSL(2),; and (in this
case) LSL(2),; becomes redundant. A link surrounding all nodes of all
sets, it is redundant an called root set-link.

Redundant root-link
® noder & Redundant digit
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Notes on Set Coding Tree SCT :
1 SL(h); is the i-th set-link of height h, where i1 =1, 2, ..., r;
r= [ N/2"] and Nis the number of sets in SCT. SL(h), surrounds the nodes of
set-links SL(h-1),; and SL(h-1),;,,. If SL(h-1),;,, Is a null-link then SL(h);
surrounds only the nodes of SL(h-1),; and (in this case) SL(h-1),; becomes
redundant.
Links pointing from left to right are called right links, and links pointing from
right to left are called left links.
LSL(h); and the RSL(h); surrounds the same nodes.
set-links have a single binary digit code, the i-th set-link is coded by binary
zero if i is an even integer and binary one if i is an odd integer. The zero height
set-link has the least significant digit and the largest height set-link has the
most significant digit in the set’s codeword. A set-link holding no data is
redundant and has no code.
5 A link surrounding all nodes of all sets is called root set-link and is redundant.
[SLA(SCT)], where d(SCT) is the depth of SCT denoted by the letter (t);
t=Llog, N | is known as the root-link.

B> [9V)
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. SL(0) surrounds the nodes of a single set.

. set-links are of two types, type 1 surrounds at least one data node,
while type 0 surrounds only no-data nodes. A type 1 set-link is
coded by a single binary digit, while type 0 is a redundant link.

. If SL(h+1) surrounds all nodes of two adjacent SL(h) set-links and
If one of the two SL(h) set-links is of type 0, then the SL(h)
type 1 becomes redundant. SL(h+1) type 1 surrounds at least one
SL(h) of type 1. SL(h+1) type 0 surrounds only type 0 SL(h) set-

I~N IS

[o

links.
sCT
set
codewords
N H
DEGE & 600 b 0ebed 2
Wset(S7) Wset(s3) Wset(SZ) Wset(sl) Wset(SO)

1 011 010 001 000
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S&M algorithm: The Tree Structure

ODT links: The coding digit (c) may take three values, 0, 1 for
binary zero and one respectively and 2 for redundant digit.

Parent(i)
Left(i) Right (i)
Data(i) Sibling(i)
LSL(h)(i) RSL(h)(t)(c)(1)

_ _ Child(i)
Since right and left set-links have the same type (t) and

coding digit (c), left set-link type and code digit is ignored.
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Node Coding: 5 S, =S, US
When two singleton s, and s, sets merge into one set s, —

the two nodes in s, are coded by a single binary digit @ U @ @@
(1) and (0) respectively.

1\ /o

similarly, the merger of two multi nodes sets, s, and s, into set (s,), s, =S, Us,, If
s =2, |s,| =5, then |s | = 7, nodes of s, coded by binary digit (0) and that of s, by
(1), as shown below.

S, S, Su=ScUs, S,
U 000600 - 00 000G
1\ fo
s, node codewords
node 3: 11 nodel0: 01

q g NL;e . nodell: 10 nodel2: 0011
node codewor tree carries node14: 0010
the history of set mergers node 8: 0001

node05: 0000
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Node coding: Initially the dictionary contains a single character
words corresponding to the alphabet in A and y single character words
corresponding to control elements in C. All sets in the initial tree have
zero length node codewords. Multiple node sets are formed by the
successive merging process. Assuming the two sets to be merged have
equal probability and a single binary digit will be appended to the
merged set node codewords. The node codewords of the first set of the
merger are appended by one, while those of the second set of the
merger are appended by zero. This process ensures that the merged set
of nodes are optimally coded. To ensure robustness, in sets with node
codewords of length equal to a given ¥ have their NCT code bounded
to keep the maximum height within the bound.

Node codewords (w,,.4.) are appended to their corresponding set
codewords (W) to form the compressed word codewords (W,,,q4)-
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Node Coding: node-links (NL) are used to determine node codeword
W, .q40(V;) for a node v; in set s;. NL is a link between nodes within a set.
It has the same structure as the SL; it consists of right and left node-
links, {RNL(h)}and {LNL(h)} respectively, of height (h) (where h =0,
L, +..s Niay, @A 110G ([Silmay) ] < iy < (@- N)). RNL(h); and LNL (),
surrounds the same fiodes. Node-links have no type unlike the case of
SL. A link containing all nodes in a set s; and its corresponding node-
link NL(dyct), (Where dycr IS the binary NCT depth) are redundant.
NL(dyct) 1S known as the root node-link. All single node sets have only
root node-links.

Node-links of height zero {NL(0)}: is a node-link surrounding a single
node. The LNL(0) and RNL(0) surrounds the same single node.
Consider set s, of the previous examples: s;= {vig, Vi2» Vias Vi Vis }-

NCT of s;; h =0

10 19 (3
QLNL(O) @®@ noder ﬁ @
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Left node-link of height One {LNL(1);}: is a node-link connecting
the rightmost node of the (2i)-th left-node-link {LNL(0),;} to the
leftmost node in the (2i+1)-th left-node-link {LNL(0),:,,}. If
LNL(0),;,, Is a null-link then LNL(1); surrounds the only single node
of LNL(0),; and (in this case) LNL(0),; becomes redundant. RNL(1)
and LNL(1), contain the same nodes.

NCT of sj; h=0and 1

r @\
\o/

¥ Redundant digit

Q LNL(1)
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Left node-link of height two {LNL(2):}: is a node-link connecting the
rightmost node of the (2i)-th left-node-link {LNL(1),;} to the leftmost
node in the (2i+1)-th left-node-link {LNL(1)5;,,}. If LNL(1),:,, 1S a
null-link then LNL(2); surrounds all nodes of LNL(1),; and (in this
case) LNL(1),; becomes redundant. RNL(2); and LNL(2), surrounds

the same nodes.

Node Codeword Set S;: node codewords W4 (V;)

10 1 Wnode(vlo) Wnode(vlz) Wnode(vl4) Wnode(VS) Wnode(vls)
12 011 1 011 010 001 000

14 010 i

8 001

15 000 V 1

1 Redundant digit

U HNLHE) ® noder
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Left node-link of height three {LNL(3);}: Is a node-link connecting
the rightmost node of the (21)-th left-node-link {LNL(2),;} to the
leftmost node of the (2i+1)-th left-node-link {LNL(2),;,,}. If
LNL(2),;., IS a null-link then LNL(3); surrounds all nodes of LNL(2),;
and (in this case) LNL(2),; becomes redundant. Right node-links
RNL(3); surrounds the same nodes of left node-links LNL(3);. A link
containing all nodes of a set is redundant, known as the root node-link.

Node Codeword

10 1
12 01l
14 010
8 001
15 000
¥ Redundant digit
LNL(3) g

® node r
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Notes on Node Coding Tree NCT-:

1. The i-th node-link (NL(h);) surrounds the nodes in a set (s;) is said
to be of height h, where i =0, 1, ..., m-1;m = Llsi|/2hJ.
NL(h); surrounds the nodes of node-links NL(h-1),; and
NL(h-1),:,,. If NL(h-1),;,, Is @ null-link then NL(h); surrounds
only the nodes of NL(h-1),; and (in this case) NL(h-1),; becomes
redundant.

IN

Links pointing from left to right are called right links, and links
pointing from right to left are called left links.

LNL(h), and the RNL(h), surrounds the same nodes.

Node-links have a single binary digit code, the i-th node-link is
coded by binary zero if 1 is an even integer and binary one if I Is an
odd integer. The zero height node-link has the least significant

digit and the largest height node-link has the most significant digit in
the node codeword w,4(S;)-
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Notes on Node Coding Tree NCT (Continued):

5 Allink surrounding all nodes of a set s; is denoted by (NL(dyc1),
(where dyct IS the binary NCT depth) are redundant. NL(dyc1) 1S
known as the root node-link.

6. NL(0) surrounds a single node.
7. Anode In a singleton set has a redundant root node-link NL(0).

8. NCT is constructed from right to left (1=10, 1, 2, ...).

Node Codeword

10 1

12 011
NCT 14 010
node 8 001

codewords 15 000
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S&M algorithm: The Tree Structure

ODT links: The coding digit (c) may take three values, 1, 1 for
binary zero and one respectively and 2 for redundant digit.
Parent()

Left(i) Right (i)

Data(i) Sibling(i)

LSL(h)(i) RSL(h)(t)(c)(1)

RNL(R)((e)(i)

LNL(i)(i)

Child(i)
Since right and left node-links have the same coding digit (¢),
left node-link code digit is ignored.
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node 7:
node 13:
node 3: 1
node 11: 0

Abdullah Hashim-slide No. 126

node 4:
node 16:
node 5:
node 9:

11
10
01
00

\eos |
Set and Node Coding Trees
Word codewords w,,,,4(V;)

node 10:
node 12:
node 14:
node 8:

1/ \o/ I ‘ 1/ \of!

R ‘/" V 0 |
1\ /R
011 R, #{}
010 .

001 node 15: 000



The word

codeword
Wword - Wset(si)"'wnode(vi) SCT & NCT
String addition R
Average Wordlength #{}
= 2 P(V;). LWor4(Vi)
= 0.5+0.375+0.5+ 1 0
0.625+0.25+0.375
= 2.625 bits 1 0 1 0 . 0
1/ \O 1/ \0 1/ \O 1/ \O 0
O O B ® @ ®wee® WWEE
S, S S5 Si4 S3 S, S, So
node 7: node 4: 11  node 11: 1 de 15: 000
node 13: node 16: 10  node 12: 011 node 2o.

node 3: 1 node 5: 01 node 14: 010
node 11: 0 node 9: 00 node 8: 001
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EDT nodes organisation:

Null Node: IS a node with only null links.

Null nodes array: node[i]; 1=0,1,2,.., @, where @ is the maximum
number of words in the ED.

NNL(i) link: IS the next null node-link to identify the next
available null node to an existing null node.

OEDT 0 I-th null node @ OEDT node

& & ~—~ Sibling(i) link | Datai) link
Left(i) link Right(i) link
&  C 7\ Child(i) link \__# NNL(i) link
1t O 1@
Leftmost - T ~/'
node First Null Node M«
of OEDT

Rightmost node of OEDT
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S&M algorithm: The Tree Structure

ODT links:
If a link has a value equal -1, the link is a null link.
Parent(i)
Left(i) Right (i)
ININL(J)
Data(i) Sibling(i)
LSL(h)(i) RSL(h)(®)(c)(1)
LNL()(i) RNL(R)((c)(i)

Child(i)
Next Null-Node Link denoted by NNLG)
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Sets Sy —Sg S S,

Interval

n=0
— e - —
Interval y 1 y
_ Vi, V
LY ——
Interval {} new
n=2 |['vV2Ve Vs set 3 Vi
] ] ,}
Interval vy y y new
n=23 11V2 3 4 Vs

For large values of n, set probabilities will converge to values In the
Abdullah Hashim-slide No. 130 range Of 2/N 6 p(SI) < l/N



input string <goodfood{}>
s, {} 08 o0& oy dk fa o0& odf} EOF

Root n 0 1 2 3 4 5 6 7 8 29
Node(O)) w. o o} off od dff f} oo odf} R=—2"—=1161

0 ~1 a ~d f g | 0 255
@@@@»«m@ a1

Sets selected

randomly “1—Q60 26D @5 259 Q62>—«b

for

merger are: 18 { { 0
1 -1 -1
n=7,
$,=39,
s,=9

sg=¢}>=1= 00000000
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AN HasRisidedo g 332

Results of Practical Simulation

2IN < p(s;) < 1/N*?
0.0078 < p(s;) & 0.067

Rate of convergence
p=N/2

Prob(Setl)



2Results of Practical Simulation

Prob(Setl)
' tee
o . olld o .
I I | I I
0 i i Rate of convergence
. IR p=N/2
o LD 2INE p(s) SUNYE
N i1 hibits< log,{p(s;)] & 4 bits
I I | I I
b bodd b ‘
3 db points ¢.—..—.._.. e

AN HasRisRideo 1 3533



Lempel and Ziv in their original paper (on the Complexity of Finite sequences.
IEEE Trans. IT-22.1 Jan 1976, pp75-81) have shown that if an initial dictionary of
single character words of an alphabet is allowed to grow indefinitely by
adding a new word at every successive interval in time and the
dictionary words are coded by equal length codewords, asymptotically
the compression ratio of such a coding scheme will tend to infinity as
the dictionary size tends to infinity. Many practical implementations of
this basic theory have been reported in the literature of different
approaches and complexity. However, all suffer from the same basic
Inherent feature that once a practical limit is imposed on the dictionary
size and its wordlength, the compression ratio will be degraded rapidly.
In fact all practical implementations of the dictionary result in an
average codeword length even higher than second order entropy. The
low compression ratios are due to the practical implementations of the
scheme which fill the dictionary mainly with two-character words of
low frequency of occurrence instead of long words with high frequency.
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Let string s, be an input string from a file of characters in alphabet A over language &, at

interval n. Match S, to the longest word w,, in the dictionary given by:
Sn= Wp= <€,6,...¢;...e,>. If e ., Is the unmatched character resulting from the matching
process, then the new word added to the dictionary at interval n is w,, = <e;e,...,€,.;>.

1. At interval n, an input string of source symbolsis
matched with the longest string in the dictionary (w,)).

2. The matched word w,, Is coded by a binary codeword to
form the compressed word [w,,,.4(W,)].

3. The input string s, = w,, Is appended to the unmatched
character resulting from the matching process in 2 above
to form the new word (w,,)-

4. The new word w,,, IS added to the dictionary.
5. The process Is repeated starting from step one until EOF.
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A practical simulation for input string <goodfood{}>
Sh 4} 98 ok oy dk fa ood dfj EOF 79

Rot "0 1 2 3 4 5 6 7 8 R=—=1
Node(Q)) w,. {} go oo od df fo ood d{}

w

3 ~1 a ~d f ' 255
L

0 ® d
| Data (i) link b>—eb
| Child (i) link | o
— Sibling (i) link 58=‘{}’.=1= 00000000 @
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To study the practical behaviour of the L&Z algorithm in the context of predicting the
properties of the environment @, a dictionary of 512 words is used the first 256 words
are the single ASCII character of the alphabet A, the second 256 words are the multi-
cheater words added to the dictionary over the 256 intervals. The initial probability
distribution at interval n=0 of the 256 characters were assigned ten different sets of
values, by fixing the initial probability of a leading character (c,) to one of the ten
values in the range {0.001 < p(c,) < 1}, other character initial probabilities where
made to be equal to {[(1- p(c,)] / 255}. At each interval n, a new word added to the
dictionary according to the initial probability distribution of the environment @. Al
words assumed to be equiprobable and the probability of each characters were
recomputed. Let at interval n, the words w,, w,, ... ,and w, contains z, z,, ... , and z,
of the character «, the probability of character o at the n-th interval is given by:

p(@) = (1) 3, (2 / W)

The behaviour of the algorithm is determined by plotting the average Q(n) value over
hundred (100) trials, for each of the ten different set of initial probabilities, against the
intervals n, where Q(n) is given by the expression:

256

Q(n) :if‘lj p%(s;) = PA(Sy) + P?(Sy) + «eue + P?(Sys6)
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2Results of Practical Simulation

Prob(Setl)
' T
o . olld o .
| [ I | |
| | i i Rate of convergence
. NN | p=N/2
NS p(s) SUNY
N i1 hibits< log,{p(s;)] & 4 bits
| [ (| | |
A bedd i
3 db points ¢..—..—.._.. o
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Note:
The proposed S&M-Dictionary case differs
fundamentally from that of Lempel and Ziv scheme In
that a new word will not be added to the extended
dictionary (at the n-th interval) unless the set Is a
singleton with A satellite sets. This condition ensures
that only words of high frequency of occurrence are
added to the dictionary and in turn increases the
Inclusion of longer words of high frequency at
subsequent intervals. It Is common practice that one of
the major conditions of the dictionary pruning process
IS that the pruned word is of low wordlength and
frequency of occurrence.
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In the lossless S&M algorithm the word codeword is given by:

W, org(Wi) = W (Si) + W, oqe(V5), this IS a string sum;
In lossy case the aim is to identify the set containing the compressed node only; nodes
within a set are predicted either randomly or in accordance to its frequency of
occurrence within the set. High probability singleton and low size sets therefore, are
compressed without errors. Sets with size higher than given value, depending on the
acceptable level of errors (degradation), will give rise to errors. The magnitude of the
errors increases with set size. To keep the compression and decompression processors
In synchronisation, the node codeword, in the lossy case, is replaced by a synch
codeword {w,,,.n(W;)}, the synch codeword is used to identify the control characters
and the length of the compressed words (w;) uniquely.

Wword(Wi) = Wset(Wi) + Wsynch(Wi); L(Wword(wi)) = L(Wset(wi) t L(Wsynch(Wi))

Consider the following compression schemes:

1) The finite case: Sets contains only single character words, if a set contains no
control characters then the synch codeword has zero length.
2) The dictionary case: Sets contains multi-characters words a synch word is needed

to identify the length of the compressed word (w;).
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Synch Coding: in a lossy S&MC algorithm w ., Is used in place of
W, 0qe TOT Sets of a size |s,| > € . Since the construction rules applied to
NCT and SynchCT are identical for the processes of splitting, pruning,
merging, code bounding and enlarging, the resulting wg,., has the
same optimal inherent properties of Wy,,ge. Weyne, 1S Shorter than w, .
due to the fact the majority of links in SynchCT are redundant. The
general case of S&MC algorithm can be a lossless system if £ > n and
can have the maximum compression ratio with maximum degradation
when € = 2. The level of degradation can be monitored at the encoder
and the value of £ may be varied accordingly during the compression
process for optimal operation. The predicator in the S&M algorithm,
requires no prior information about the type, properties and statistics
of the input file to predict the maximum likely outcome. This makes
the algorithm work for all types of files used in storage, transmission
and networked communications.
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In lossy system the following rules may be followed to keep
synchronisation between the compression and decompression
Processors:

1. the set codewords Is constructed in the same way as In the lossless
system.

2. the node codewords of sets with size less than a given value say {
are constructed in the same way as in the lossless system.

3. sets with size higher than € node codeword may be considered
redundant and the value of the node may be predicted in identical
manner in the compression and decompression processors. This will
lead to shorter word codewords and higher compression ratio. To
keep both processors synchronized we should make sure that this
rule does not applied to:

I. nodes corresponding to control characters
1. the word size of the corresponding compressed node should be
made available to the decompression processor.
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Set lead-node: If a multiple node set s; of an OEDT is partitioned into
subsets of equal depth data-nodes (word size |w;|), then the rightmost
node (v,) In such a subset (say Q.) Is called the Set lead-node of Q..

Synch Coding Tree (SynchCT): A SynchCT is used in a lossy S&M
algorithm in place of NCT for sets in the OEDT of size |s;| > £. Synch
codeword Wy, .(S;) Is used to identify only the lead and control-nodes
within a set s;. SynchCT has the same structure as SCT and NCT, The
synch-links denoted by (SyL), left and right links correspond to left and
right synch-links. The i-th synch-link (SyL(h);) of set (s;) is said to be
of height h, where i =0, 1, ..., m-1; m = |s;|/2"|. SyL(h); surrounds the
nodes of SyL(h-1),; and SyL(h-1),;,,. If SyL(h-1),.,, Is a null-link then
SyL(h); surrounds only the nodes of SyL(h-1),; and (in this case)
SyL(h-1),; becomes redundant. The i-th right synch-link {RSyL(h);}
and the left synch-link {LSyL(h);} surrounds the same nodes. Synch-
links differ from node-links in that they have two types. If SL(0)
surrounds a single word or control character it said to be of type 1,
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all other SyL(0) are said to be of type 0. Synch-links have a single
binary digit code, the i-th synch-link is coded by binary zero if i is an
even integer and binary one if i is an odd integer. The zero height synch-
link has the least significant digit and the largest height synch-link has
the most significant digit in the synch codeword wg,.,(S;)- Type 1
synch-links are coded by a binary digit, while type 0 synch-links are not
coded as they are redundant and carry no information. If SyL(h+1)
surrounds all nodes of two adjacent SyL(h) and if one of the two SyL(h)
Is of type 0, then the SyL(h) type 1 becomes redundant. SyL(h+1) type
1 surrounds at least one SyL(h) of type 1. SyL(h+1) type O surrounds
only type 0 SyL(h) synch-links. A link surrounding all nodes of a set s;
and its corresponding synch-link (SyL(dgycnct), Where dgynener 1S the
binary depth of SynchCT of set ;) Is redundant. SL(dg,cncr) 1S known
as the root synch-link. Set s; has the same links in both synch and node
coding trees, however many of the links in SynchCT are redundant
while their corresponding links in the NCT are not redundant. This
feature of SynchCT leads to a low synch codeword
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average-length L, e aqe[Weynen(Si)] than that of the node codeword
Laverage[Wnode(Si)] .

Synch-link of height zero SyL(0): is a link surrounding a single node.
All zero height synch-links are of type 0 except synch-links surrounding
a lead or a control-node are of type 1. Consider set W,, of the previous

examples: sy= {vip, Vi2» Via» Vs, Vis }: Vis IS @ control-node; vzand v,
are lead-nodes; L(Sg) = L(S15) = L(S1g) =3 and L(Sy4) = 1. The fourth
synch-link SyL(0), and the third synch-link SyL(0), are of type 0,
surrounding node v;, and v, respectively, while SyL(0),, SyL(0), and
SyL(0), are of type 1 surrounding node v;,, v; and v, respectively.

? | SynchCT links
‘\/" LSyL(O) type O of S, h=0.

QD @ @ % redundant digit
ULSyL(O)typel | S{ @ ® node r
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Left synch-link of height One LSyL(1) : is a link connecting the
rightmost node of the (2i)-th left-synch-link {LSyL(0),;} to the
leftmost node of the (2i+1)-th left-synch-link {LSL(0),;,,}. If
LSyL(0),:,, Is a null-link then LSyL (1); surrounds the single node of
LSL(0),; and (in this case) LSL(0),; becomes redundant. RSL(1); and
LSL(1); surrounds the same nodes. If one of the two SyL(0) is of type
0, then the SyL(0) type 1 becomes redundant. SyL(1) type 1 surrounds
at least one SyL(0) of type 1. SyL(1) type O surrounds only type O

SL(0) synch-links.

1\
[ |
I
|

|
-, LSyL(1) type O

\/

LSyL(1) type 1

Abdullah Hashim-slide No. 146

SynchCT links of s,
=0and1

h
(12

9,

:"ﬁ"': ¢ redundant digit
1y

Q) ® noder



Left synch-link of height two LSyL(2): is a link connecting the
rightmost node of the (2i)-th left-synch-link {LSL(1),:} to the leftmost
node of the (2i+1)-th left-synch-link {LSL(1),,}. If LSyL(1),;,,1s @
null-link then LSyL(2); surrounds all nodes of LSyL(1),; and (in this
case) LSyL(1),; becomes redundant. RSyL(2); and LSyL(2), surrounds
the same nodes. If one of the two SyL(1) is of type O, then the SyL (1)
type 1 becomes redundant. SyL(2) type 1 surrounds at least one SL(1)
of type 1. SyL(2) type 0 surrounds only type 0 SL(1) synch-links.
SynchCT links of s,
h=0,1and?2
¢+ "\LSyL(2) type O

\ |
N/

O LSyL(2) type 1
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Left synch-link of height three {LSyL(3)}: Is a link connecting the
rightmost node of the (2i)-th left-synch-link {LSyL(2),:} to the
leftmost node in the (2i+1)-th left-synch-link {LSyL(2),:,,}. If
LSyL(2),i,, Is a null-link then LSyL (3); surrounds a single node of
LSyL(2),; and (in this case) LSL(2),; becomes redundant. If one of the
two SyL(2) is of type 0, then the SyL(2) type 1 becomes redundant.
SyL(3) type 1 surrounds at least one SyL(2) of type 1. SyL(3) type O
surrounds only type 0 SyL(2) synch-links. RSyL(3);and LSyL(3);
surrounds the same nodes. If a link surrounds all nodes of s; it is a
redundant link, known as the root synch-link.
Synch Codewords 0 A9 19 & Synch-links
node 15 codeword =00 I, f@ @ ﬁ\ of set s,
nodes 8,12 & 10 =01 X . y 0

I J
node 14 codeword =1 '| .
\ ¢ Redundant digit
X/ 8
- ® noder

LSyL(3) type O
R
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Notes on Synch Coding Tree SynchCT :
1. In S&M lossy algorithm, node codeword w,,4.(S;) IS used for set

size |s;| < € and synch codeword w,,,,.,(S;) for set size |s | > C.

s, node codewords s, synch codewords
node(V15) 000; Wnode(VS) =001 syncg(vls) 11, Wy nche(VS) 11
node(V14) 010; Wnode(V12) =011 synch(V14) L Wsynch(vlz) {}

and Wnode(vlo) =1 and Wsynche(V10) - {}

12 @4 (8
IR

=
D
o
o

Abdullah Hashim-slide No. 149



Notes on Synch Coding Tree SynchCT :

2. s; has the same links in both node and synch coding trees, however
many of the links in SynchCT are redundant.

3. The i-th synch-link (SL(h);) of a subset of nodes in a set (s,) Is said
to be of height h, where 1=0, 1, ..., m-1; m = L|Sp|/2hJ. SL(h)
surrounds the elements of synch-link SL(h-1),;and SL(h-1),;,,. If
SL(h-1),:,, 1s a null-link then SL(h); surrounds only the nodes of
SL(h-1),; and (in this case) SL(h-1),; becomes redundant.

4 Links pointing from left to right are called right links, and links
pointing from right to left are called left links.

5 LSL(h); and the RSL(h); surrounds the same nodes.

6 Asynch-link has a single binary digit, the i-th synch-link is coded

by binary zero if 1 Is an even integer and binary one if i is an odd
Integer. The zero height synch-link has the least significant digit
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Notes on Synch Coding Tree SynchCT (continued):

and the largest height synch-link has the most significant

digit in the synch codeword wg,.(s;). A synch-link carrying no
data is redundant and has no codeword.

A link surrounding all nodes of set s; and its corresponding synch-
link (SL(dsyncner) » Where dgynener 1S the binary depth of SynchCT
of set sp) are redundant. SL(dg,,cnct) 1S kKnown as the root synch-
link.

SL(0) surrounds a single node in set s;.

Synch-links are of two types. All zero height synch-links are of
type 0 except synch-links surrounding a lead or a control-node
are of type 1. A type one synch-link is coded by a single

binary digit, while type zero is a redundant synch-link.

I~

1o |00
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Notes on Synch Coding Tree SynchCT (continued):

10. A SL(h+1) surrounds all nodes of two adjacent SL(h)
synch-links. If one of the two SL(h) synch-links is of type 0, then
the SL(h) type 1 becomes redundant. SL(h+1) type 1 surrounds at
least one SL(h) of type 1. SL(h+1) type O surrounds only type O
SL(h) synch-links.

11. For a given set s; the links in both synch and node coding trees
are identical, they differ only in coding. Many of the synch-links
are redundant while their corresponding node-links are not. Sync
codeword Wy, .+(v;) Is shorter than the corresponding node
codeword W4 (V;)-

0 Set s,
A C%%ri]ﬁg
Node 1/ \o ° Tree
Coding 1
Tree 0

0 0
DOOBE DOBOE
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Set, Node and Synch Codlng Trees for £ =4

| [ | [ . - —

- s @ N ~y .
> ~ .
/7 ‘ 1 0 ~ .
! \
b 1 0 _
\ 1 0 .'
, 9@?@ @Q%%@
@’ ' Q v, E " g v, '
I g |
A\l 0/« = pgl 1 0
\
'l
Word codewords wyoqw) Vo g\ L
- I
node 7: node 4:007 11 node10: 00001\ /B
node 13: node 16: 10 node 12: 01 N Q. + {}

node 3: 1 node 5: 01 node 14: 1
node 01: 0 node 9: 00 node 8: 01 node 15: 00
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The word codeword 0 SCT &
Wword(Vi) = Wset(Si) +Wsynch(vi) Syn C /7C T
Strings sum
Lossy S&M 0
=4
§ M
Average Wordlength 1 1 1 0 #}
- 2 P(Vi)-I—[Wword(Vi)]
= 0.5+0.375+0.5+
0.625+0.125+0.1
1/ \0 01/ \0 1/ \0
(7 W W WWEO® VLWEW
node 7: node 4: 11 node 00: 01 node 15: 00
node 13: node 16: 10  node 12: 01

node 3: 1 node 5: 01 node 14; 1
node 11: 0 node 9: 00 node 8: 01
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S&M algorithm: the lossy case

ODT links: The coding digit (c) may take three values, 0, 1 for
binary zero and one respectively and 2 for redundant digit.

Parent(i)
Left(i) Right (i)
Data(i) Sibling(i)
LSL(h)(i) RSL(h)(t)(c)(1)
LNL(i3)(i) RNL(R)((2)(i)

Since nodes have either node %rh ély%%-links, no more links are needed.
Since right and left synch-links have the same type(t) and
coding digit (c), left node-link code digit is ignored.
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Code Bounding: is a process of keeping Lw, 4, and Lw,,., Within a
given bound.

In the S&M algorithm node codewords w,,.4. and synch codewords
Wq,nen May have lengths between 0 and (@-N), where @is the
maximum number of allowed words in an ED, and N is the number of
sets in an OEDT.

To ensure robustness a limit is usually fixed for both node and synch
codeword lengths such that:

[log,77] < limit < (@-N),
where 7= @-N+1 is the maximum number of nodes in a set.

To achieve a robust coding the value of the bound ( %) on the links
height is usually set to, or near to the value |log,7 ] +1.

This condition for coding robustness is achieved by setting a limit ¥
on the root synch-link and root node-link heights (h
(i.e. h
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Definitions:
Splitting: The process of splitting consists of the following steps: Let
the node corresponding to s;, be node v, located in set S, of an OEDT.
1.1f |s,|>1 then, for a NCT split s, into two disjoint equal
probability sets s, and s, ; s,; containing all nodes in the
node-link NL(h,,,-1)oand s,, containing all nodes in the node-link
NL(hpmax-1);, of s,. Similarly for SynchCT, s, containing all nodes
In SL(hc-1)o @nd s,, containing all nodes in SL(hp,,-1),
of set s,. Prune the NCT or SynchCT and up grade s;; and s,
NCT and SynchCT pruning and upgrading procedures are defined

IN the next slides. O

LSL(0),

M
@ O E G 6o 0O #}

The sets after splitting and upgrading
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Definitions:
NCT pruning: The process of pruning consists of the following
steps: Suppose set s, has been split into two sets s,; and s,.

1. Delete NL(h) Of s,.
2. NL(hp,-1), Of s, becomes equal to the redundant root node-link

NL(hpay) Of spp. Likewise for NL(h,,-1); and s,.
3. Delete all duplicate root node-links except the innermost root-link

for both sets s,; and s .
'a

g
. NL(hp,) Vo
NI—(hmax—l)O of sz ﬂ
NL h )t \ NI—(hmax)
( max-l)l NL(hmax) of Spl
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Definitions:
SynchCT pruning: The process of pruning consists of the following
steps: Suppose set s, has been split into two sets s, and s,.

1. Delete SL(hp,,) Of s
2. SL(hpax-1), Of s, becomes equal to the redundant root synch-link

SL(hmax) Of sp;. Likewise for SL(hp.,-1); and s,.
3. Delete all duplicate root synch-links except the innermost root-link

for both sets s;; and s .
)

SL(Npa) g

(!l of s, JJ
ﬂ ; SI—(hmax-l)l SL(h )
SL(hmax-l)z SL(hmax) of Sr;ix
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Splitting :
(contlnued) @ .x. .@. ] : 1
1y (U
Figure: M g !

1.1. Before splitting all set-links are removed
except of left set-links of height zero. Left set-
link Is used to identify the new two sets.

@ggg

UpGrading: is a process of placing a set at the leftmost
position of the OEDT. The new two sets generated after
the splitting process are upranked (i.e. Placed at the left
most position of the OEDT).
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Splitting (continued):

2. 1f|s;|=1and FBL; < N/2, then perform the following steps:
Let s; Is the parent set of the satellite block, s Is s; or one of its
satellites:

1) up grade s; and its satellites,
1) create a set s, containing a new node J corresponding to a new

word W,,,- Put w..,=A , S, ~{}new» Place it in the right of the
rightmost satellite of s;.

1) repeat step (i1) for FBL, times.
Note: If the extended dictionary is full, upgrade s; and its satellites
then prune the dictionary and proceed from step 2. Dictionary pruning

IS defined In the next slide. 5)_23
=13
H { The Sets before splitting
A 0 D E @ 6 60 0e® WOVWE®B
S7 S¢ S5 S4 S35 S So

The Sets after splitting and upgrading
® @ o (€] W GO VOWVWE®
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Definitions:
Dictionary Pruning:
Is a process of removing words from ED to keep the
dictionary size constant. A word w, may be removed from
the dictionary and its corresponding node v, removed from
EDT if they satisfy the following four conditions:
1. w,.# (9;). §; Is a control character in C .
2. W, # (C;). ¢; Is a character of a the alphabet A. (i.e. w, Is a
single character word).
3. v, has no child. (i.e. v, Is a leaf node).
If node v, Is in a singleton without satellite then remove the singleton
and v.. If node v, Is In an empty satellite set or in a parent set s; of a
family block then remove (FBL,;/ 2) rightmost empty sets of the
satellite block. (i.e. the remaining family block will consist of the
parent set s; and a the new satellite block of length SBL, =(FBL,/2)-1).

Note:
1. All children of the root node (except the no-data nodes of
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Pruning (continued)
Notes:
the satellite sets {}) cannot be removed from the ED.
2. Only a leaf node may be removed.
3. Aword which satisfies the three pruning conditions and with
the lowest frequency of occurrence may be selected for

removal from the ED.

4. If an empty word is removed, the corresponding empty set{}
should also be removed from the EDT.

5. If anode in asingle node set is removed, the set should also
be removed from the EDT.

5. If anode is in a single node set of a family block then FBL;/2
rightmost satellite should be removed from the EDT.

6. If anode in a multiple node set is removed, the NCT or
SynchCT must be reconstructed.

To satisfy note 3, the process of pruning scans the OEDT from right to
left to locate the lowest frequency of occurrence node v, and its
corresponding word w, for pruning.
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Definitions:

Merging: The merging process is applied only when the number of
sets in the EDT Is greater than N. Merging is performed only on the
sets not involved In the previous splitting process (i.e. the singleton
parent set and its satellites, or the new two sets generated by the
previous splitting process). Merging process Is consists of two steps:
1. Select a set say s, randomly.
2.1 If the set s, = {}, then delete (FBL;/ 2) rightmost
satellites of its family block. Update rank of the
family sets. In the example shown below x = 6.

The sets before the merger

(] O GLBLEO® VLVE®

The sets after the merger M {
@ @ ® O OBEO® VLWVWE® #}

Set x=6 selected randomly for the merger.
5 @ @
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Merging (continued)
2.11. If the set s, # {} and If s, has satellite sets, then delete
(FBL,;/ 2) rightmost satellites of its family block.
Update rank of the family sets.
In the following example below x = 7.

The sets before the merger

[ W GLEE® VLVE®

The sets after the merger H {
© @ @ G OBEO® OLBWE® #}

g Set x=7 selected randomly for the merger.
13[4

2.111. If the set s, # {} and has no satellite set,
select another set say s, randomly.
If the set s, = {}, then delete (FBL;/ 2) rightmost
satellites of its family block. Update rank of the
family sets.
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Merging (continued)

2.1v. If the set s, # {} and has no satellite set,
select another set say s, randomly.
If the set s, # {} and s, has satellite sets, then delete
(FBL,/ 2) rightmost satellites of its family block.
Update rank of the family sets.

2.v If the set s, # {} and has no satellite sets, select
randomly another set say s,. If the set s, # {} and
also has no satellite sets, then merge the two sets to
form a new set equal to the union of the two sets s,,.
If [s, | > |s,l, then s, = s, U s,. Otherwise
S, =S, U s,. Upgrade set s,,. Code bound s,, s,, and
s, and enlarge the NCT or SynchCT. The processes
of code bounding and enlarging are defined in the
following slides.
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Merging (continued)

2.V The union of set 2 and set O.:

x:2ﬂ y:()lﬂ
@ @ © (6] W GVLEO® VLWEW

The sets before the merger >« S,

S, =S, Us
® 0 0oneeee 0 @ B @ 06606

The sets after the merger and upranking

H
2l
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Definitions:

Code Bounding: The process of code bounding consists of the

following steps:

1. If the root node-link or root synch-link height (h,...,) of sets, Is
equal to ¥ then its NCT or SynchCT must be reconstructed.

2. If the root node-link or root synch-link height (h,.,,) of sets, Is
equal to ¥, then its NCT or SynchCT must be reconstructed.

NCT before reconstruction NCT after reconstruction
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Definitions:
Note on code bounding: If the previous code bounding process on

sets s, and s, results in either or both h and h,..... equal to ¥, then

X:max y:max

apply the code bounding process on set s,

NCT Enlarging: The enlarging process consists of adding the
following node-links to the new NCT of set s,

Leth,. .. >h and A =(h

y:max X:max? y:max~ ' 'x: max)'

1. NL(h,.,0t)), where =0, 1, ..., A, containing all
nodes of s,.

2. NL(hy. 1), containing all node of s,.

3. The root node-link NL(h,,. maX) containing all
nodes of s, h =h

u.max Y. max

Apply construction rules and condltlons of NCT

In the process of adding new links, and in the
process of coding all node-links starting with
NL(0),.

Figure 46 shows an example of constructing the NCT of set s,,.
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Merging (continued)

ISyl =2, |sy| = 5 |su| =7,A=2,>7, Ny =1, Ny = 3,
and h. oy =
S, S, =S, UsS

i 40\ 1 B
ﬂ \/
NL(hx:max) w
hx:max =1 ! .:;NL(hy:max)
hy:max =3 NL(hu ma g
hu:max 4

S, Node codewords

Nodel5: 1111 Nodel4: 1101 Nodel0: 10 Node 3:01
Node 8: 1110 Nodel2: 1100 Nodell: 00
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Definitions:

SynchCT Enlarging: The enlarging process consists of adding the
following links and their corresponding
synch-links to the new SynchCT of set s,

Let hy:max > hx:max’ and A = (hy max ' 'x: max)'

1. SL(h,..F)), Where J=0, 1, ..., A, containing
all nodes of s,.

2. SL(hy:max-1)o coONtaining all node of s,.

3. The root synch-link SL(h,,. maX) containing all
nodes of s, Ny.max = Ny:max *

Apply construction rules and conditions of
SynchCT in the process of adding new links, and in
the process of coding all synch-links starting with

SL(0),.
Figure 47 shows an example of constructing the SynchCT of set s,
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Merging (continued)

ISul =2, 15| =3, [sy|=7,A=2,C=60r7, hy.;0e =1, Ny = 3, @nd
N,-max = 4- Let vi5, v, v, andyy; be lead or control nodes, then the
SynchCT of s Is shown below.

Sx S, =S Us,
%
SL (Mo o Y
= 1 h max — 3
hx:max - 4
SL(Ny:max) !
hu:max = 4
S, Synch codewords
Nodel5: 111

Node 8: 110 Nodel2: 10 Nodell: 0
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Merging (continued)

2.v.1. The remaining sets of the OEDT should be ordered according to
rank as shown below.

The Sets before ordering

® 0 Coueae® O [ @GO

The Sets after ordering B {
@ (6] @ [ 00O AVLLVWWVWE® #}

Definitions:

Dictionary updating:

The process of updating the extended dictionary consists of three
steps. The first step is testing the conditions for a new word to exist,
the second step Is updating the data of the corresponding node in the
OEDT and the third is replacing an empty word in the OED with the
new word.
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Dictionary updating (continued):

The dictionary updating process is performed before every matching
process and the ordering process is performed immediately after it.

Let the string s,=(e,€,...¢;...e,) be the input string from a file of
characters in the alphabet A at the time interval n, which has been
matched to the longest word ( w,,), in the ED and let the corresponding
Input string and word at interval (n-1) be s, ;= W, _;= (C,C,... C; ...cy),
where e; and c; are characters in A. v, and v, , are the corresponding
nodes of words w, andw,,_, In OEDT. Then the new word Is given by:
W= (C.Cy...C€;),and Lw,_, = Ls, ;+1=1t+1.

Step 1: There are four conditions under which a new word does not
exist: 1. If v, IS a node in a multiple node set.

2. If v, I1sin asingleton set without any satellites.
3. W, Isalready in the ED.

4. Lw,,, > the maximum allowed word length.

If any one of the above conditions is satisfied putw,., = A. Ifw,_,, # A4
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Dictionary updating (continued):
and s, Is the middle satellite of v, family, let node v, be the data-empty
node in s corresponding to an empty word A, in the OED.

Step 2: 1. Replace the null character (-1) of v, data by the character e;.
2. Replace the parent node of v, by v, in the OEDT.

3. Replace the sibling node of v, by the child node of v, ; In
the OEDT.

4. Replace the child node of v, by v, in the OEDT.
Step 3: 1. Replace the empty word A, by w,,, in the OED.

Note: In the case of a lossy S&MC algorithm w,_and w,_; may be

replace by their predicted values W_and W_,. Update rank of the sets.

Figure: 72
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Definitions:

OEDT Initialisation:

In the initial state the extended dictionary ED contains only e single
character words corresponding to the alphabet A and y single character
words corresponding to the control elements in C. The OEDT consists
of a root node with no data and (« +y ) children nodes corresponding
to all the single character words of the extended dictionary. Each node
except the root node is put in a node set to form (« +y) singleton sets.
Left set links are constructed first and then their corresponding right
links. Since all sets are singleton they are all redundant links of the
root set-links.

Node zero of the tree usually identifies the root node, node one to node
a Identify the single word characters of the alphabet A and node

(a +1) to node (a +x +1) identify the control functions. All these
nodes cannot be pruned and therefore will keep their identifiers during
the entire compression process. No pruning or merging will be
performed until the extended dictionary ED is filled with @ words and
the tree has Nsets respectively.
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Definitions:

Lossless process: If the output strings of a decoder are identical to the
Input strings to the encoder the compression procedure Is known as a
lossless process.

Lossy process: If the output strings of a decoder differ from that of the
Input strings to the encoder the compression procedure Is known as a
lossy process.

Only lossless algorithms are used for text compression, while sound,
Images and video compression may use lossy algorithms. A lossy
compression algorithm may result in a degradation of the output
strings in favour of increase in the compression ratio.

Compression ratio: Compression ratio (R) is defined as the ratio of
log, () times the number of character in the input file (|sgg|) to the
number of binary digits in the output (compressed) file (|Sop|)-

R= (Iogz(a) |SSF|) / |SOP| = I—averageWi InD- Iogz(a) / I—averagewword
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Definitions:
Lossless Split and Merge Compression Algorithm:

The encoder output is a binary word codeword resulting from the
string concatenation of set and node binary codewords. The decoder at
any time interval (n) can identify correctly the set (s,,), the node (v;,) in
s,, and the corresponding word (w,) in the dictionary. The decoder
output is a string of characters in the alphabet A identical to the input
string to the encoder.

Conditions for successful synchronisation between the encoder and the

decoder of S&MC lossless algorithm are:-

3.1. The random generators used to select the two sets for merger at
the encoder and decoder must generate the same sequence of
random numbers.

3.2. The decoder receives uncorrupted set codewords.

3.3. The decoder receives uncorrupted node codewords.

The S&MC lossless algorithm is shown to have a higher compression
ratio compared with other practical systems available on the market.
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Definitions:
Lossy Split and Merge Compression Algorithm:

Conditions for S&MC algorithm are said to be lossy if for |s | < C,
(where s, Is the set containing the node (v;,) corresponding to the
longest dictionary word (w,,) which has been matched to the input
string (S,= w,,) at the time interval (n)), the encoder output is a binary
word codeword resulting from the string concatenation of set and node
codewords, while for |s,| > € the encoder generates a word codeword
equal to the string concatenation of set and synch codewords. Sync
codewords are constructed to identify only the control-nodes. Other
nodes are identified by their corresponding wordlength. For |s,| <

a lossy S&MC algorithm decoder generates output strings without loss
or degradation equal to s,. However for |s,|>C the decoder generate a

prediction (W,) of W, as the most likely word from a set of words
(corresponding to nodes in s,) of length equal to Lw,,. This may result
In a degradation of the output strings in favour of increase in the
compression ratio.
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Lossy Split and Merge Compression Algorithm (continued):

Conditions for successful synchronisation between the encoder and the

decoder of S&MC lossy algorithm are:-

4.1. The conditions of lossless S&MC algorithm are satisfied for set
size |s,|< €.

4.2. In the absence of the node codeword for set size |s,|>€ , the
decoder receives an uncorrupted synch codeword.

S&MC predictor:

The input to the predictor is a set of equal length words. The predictor

output Is a prediction (w,) of W,. There are a large variety of
possibilities suggested in the literature to predict a given word from
previously known ones depending on the type and properties of the
input file. Here, it is suggested that a word is picked randomly in
proportion to the probabilities of the input words. The probability of
each of these words may be estimated from the NCT links. Consider
set 1 of the previous examples: s, = {vig, V12, Via» Var Vis b, WIth
LWg = LW, = LW;5 =3, LW, = 1and v is a control-node.
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S&MC predictor (continued):

If the decoder identifies node v, then Wg, W4, and W, are the input
words to the predictor from the NCT links. Their probabilities may be
estimated as P(Wg) = 1/6, P(W,,) = 1/6 and P(W,,) = 4/6.

A scale from 0 to 1 is constructed given by:
0, P(Wqp) = 416, P(W10)+P(Wy,) = 5/6 and P(Wy)+P(W1,)+P(Wg) = 1.

Let r be a random number between 0 and 1, generated at interval n by
a random generator. If r < 4/6 then V/\\/n = Wy, If 4/6 <r < 5/6 then

N, : N
W, = W;,, otherwise assume W, = W

Predictor limits So NCT links

1.0 — —1.0 12 @4 (8
5/6 P(We) —5/6 ' '
T P(wyy) 0 0
416 — 127 a6 B\
I I 0 1
o W

0.0— —0.0 e
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S&MC predictor (continue):

Word probabilities Estimation: Let W, be a subset of words
corresponding to nodes In s, con5|st|ng of the k words input to the
predictor W, = {w,, w,, ... W ., W, } and let their node-codeword
lengths be LW, 41, -- Lwnode_,, ...y LW 4.k FESPECtively. Then the
probability of the i-th word IS given by:

POW,) = ((1/2) > LiWpoger) | 2 ((1/2) ™ LiWogger)

Node-codeword lengths of W, may be colmputed from the NCT of set
S,- NCT of s, may be constructed from the SynchCT by making all
zero height synch-links as type 1 links and then coding the new tree.

Consider s, of the previous example: s, = {vyg, V1o, Vias Vs Vis }, With
LWg = LW, = LW, =3, LW, = 1and v Is a control-node.

If W - { W8’ W12’ Wl% I—Wnode -8~ I—Wnode 12— =3, and I—Wnode 10 — =1.
The probablllty of each word | |s therefore

P(wg) = P(le) (1/2) /((1/2) +(1/2) +(1/2) ) =1/6 and
P(w,y) = (1/2) /((1/2) + (1/2) + (1/2) ) = 4/6.
Note: If W, ={ W4} then P(w,,) = 1 and if W;={ W} then P(w;5) =1.

Abdullah Hashim-slide No. 182




a is the it character of a finite alphabet A of (N) characters.
For an 8-bit character (ASCII character) set, the number
of characters in A 'is equal to N = 256. A negative value
(usually -1) denotes a null character.
o, IS the 1-th control character of a finite set X of () control
characters. (usually in the range of 3-5 characters).
Control characters are used to communicate control functions
between the compression and the decompression processors.
W, the i-th word.
W; = (@0 ), Where L(w;) is the wordlength of word w;.

A An empty (null) word, a word with no characters L(A) = 0.

i The I-th set of words W; = {w;, w,, ..., Wy, } where |Wj| is the
number of words in Wi (set size). [W; | =1, 2, ..., [W, | ax:
where |Wi... Is the maximum allowable number of words In
a given set of words. I.e. maximum set side.
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Lax (W;)  1s the maximum (longest) wordlength of words in set W,.
Laverage (W) 1S the average wordlength of words in set W;.

{} an empty (null) set of elements, a set containing no word,
sets or characters; length of null set is zero; L({}) = 0.

D Dictionary: a set of M words. D = {wy, W,, ..., Wy,}.
If D contains ASCII alphabet then 256<M<@®, where @ is
the maximum allowable number of words in D; @=|D|.,

A IS L..(D) the maximum wordlength of words in D.

© IS Loyeraqe(D) the average wordlength of words in D.

S; IS a set of nodes In a tree (t), s; = {vy, V,, V3, ...}, Where v,
IS the 1-th node In the tree (t).

| x] smallest integer > X.

[x] greatest integer < x.
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Ssg source file character string: is the input file to be compressed,
which is a character string consisting of a sequence of Lsge
characters in the alphabet.

The s¢e could be a binary file, or a text file of 8-bit ASCI|I
characters, or an image file of G-bit grey-level pixels, or a
sound file of Q-bit pulse code modulation samples, or a video
file of G-bit grey-level pixels, or a combination of the above
formats.

Sin IS the Input Character String of length L(s;,), where
L(S;) =1, 2, ..., Liax(Sin)i Linax(Sin) 1S the maximum string
length of s;;; 1 < L. (Sin) < L(Ssg). S;, may be formed by

reading characters from file s¢¢ in sequence and concatenating
with A.

EOF end of file: A negative value (-1) denoting a null character.
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Dec HxQct Char Dec Hyx Oct Html Chr  [Dec Hx Oct Htrnl Chr| Dec Hy ©ct Html Chr
0 0 000 MNOL f(rall) 32 20 040 &#32; 3pace| 64 40 100 s#64; [ 95 60 140 &#96;
1l 1 001 30H (start of heading) 33 21 041 &#33: ! 65 41 101 &«#65; & a7 6l 141 «#97; a
2 2 002 3TX [(start of text) 34 22 04z &#34:; 7 aE 4z 10Z «#66; B 95 62 142 &#958; b
3 3 003 ETX (end of text) 35 23 043 &#35; # 67 43 103 «#67; C 99 /3 143 &#99; ©
4 4 004 EOT (end of transmission) 36 24 044 &#36; 5 65 44 104 «#68; D |100 64 144 &#100; d
5 5 005 ENQ [endquiry) 37 25 045 &#37; % 69 45 105 &#69; E |10l 65 145 &#l01; &
6 6 006 ACE [acknowledge] 35 26 046 &#38; & 70 46 106 «#70: F (102 66 145 &«#102; €
77 007 EBEL (bell) 39 27 047 &#39: ' 71 47 107 «#71;: G |103 67 147 &#103; o
& & 0l0 BES (backspace) 40 28 050 &#40; | 72 45 110 &«#72; H |104 63 150 &#104:; h
9 9 011 TAE (hori=zontal tah) 41 29 051 &#41;7 ) 73 49 111 «#73; I [l05 &9 151 &#l05; 1
10 &4 012 LF (NL line feed, new line)| 42 Zi 052 &#dZ: * 74 44 112 «#74: T |10 64 152 &#106; ]
11 B 013 ¥T (wertical tah) 43 ZB 053 &#43; + 75 4B 113 &#75: K |107 6B 153 «#107; k
12 C 014 FF (NP form feed, new page)j| 44 2C 054 «#44; , 76 4C 114 «#76; L |105 6C 154 &#108; 1
13 D 015 CR (carriage return) 45 ZD 055 #4457 - 77 4D 115 &#77: M |109 6D 155 &#109;
14 E 0le 30 (shift out) 45 ZE 056 &#46; . 78 4E 116 &#78:; N |110 6E 156 &#110; n
15 F 017 3T i(shift in) 47 ZF 057 &#47: / 79 4F 117 &#79: 0 |111 AF 157 &#11l1; o
la 10 020 DLE (data link escape) 45 30 060 &#45: 0 g0 50 1z0 «#80; P |11z 70 la0 &«#112; p
17 11 021 DC1 (dewice contraol 1) 49 31 06l &#49: 1 gl 51 121 &#81;: 0 |113 71 161 &#113; 9
15 12 022 DCZ [(dewice contraol 2) B0 32 06Z &#50; 2 gz b5z 122 «#82:; B |114 72 16z &#114; ¢
19 13 023 DC3 [(dewvice contral 3) Bl 33 063 &#51; 3 83 53 123 &#83:; 3 |115 73 163 &#115; =S
20 14 024 DC4 [(dewvice contraol 4) 52 34 054 #5227 4 g4 54 124 «#84; T |116 74 164 &#lle; ©
21 15 025 NAE [(negative ackhnowledge) B3 35 065 &«#53:; 5 85 55 125 &#35; 1T |117 75 15 &#ll7: u
22 16 026 3¥N [(synchronous idle) 54 35 066 &«#54; 6 g6 56 lze &#o6; V (113 76 les &#11&; +
23 17 027 ETE (end of trans. bhlock) 55 37 067 &#55: 7 g7 57 127 &#87: W |119 77 167 &#l19; w
24 15 030 CAN (cancel) B6 35 070 &#56; 0 88 55 130 «#85; X |120 78 170 &#12Z0; =
25 19 031 EM  (end of medium) 57 39 071 &«#57: 9 89 59 131 &«#89; ¥ |121 79 171 «#121; ¥
26 1A 032 5UE [(substitute) B8 34 072 &«#58; : 90 54 132 «#90; Z (122 74 172 «#122: 2
27 1B 033 E3C [(escape]) 59 3B 073 &#59;: ; 91 5B 133 &«#91; [ (123 7B 173 &#123; |
28 1C 034 F3 (file =zeparator) a0 3C 074 &#60; < 9z &5C 134 &#92: % |124 7C 174 &#124;
29 1D 035 G35 (group Separator) gl 30 075 &#6l; = 93 5D 135 &«#93; ] (125 7D 175 &#125; }
30 IE 036 B3  (record separator) Gz 3E 076 &#0Z; = 94 5E 136 «#34:; ~ |126 TE 176 &«#lzZ6; ~
31 1F 037 US {unit separator) 63 3F 077 &#63; 2 95 S5F 137 &#95;  |127 7F 177 &#l27; DEL

Source: www.LookupTables.com
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A A
B B
G r
D A4
E E
Z Z
H H
Q O
I I
K K
L A
M M
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Alpha
Beta
Gamma
Delta
Epsilon
Zeta
Eta
Theta
lota
Kappa
Lambda
Mu

S CcoOmmCcHwmw®oWTO X Z

DN X 8 "N N MN Qo X Z

Q ¥ § © X 5

&8 |« X & c =

Nu

Xi
Omicron
Pi

Rho
Sigma
Tau
Upsilon
Phi

Chi

Psi

Omega
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